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ABSTRACT

This paper considers two canonical Bayesian mechanism design
settings. In the single-item setting, the tight approximation ratio of
Anonymous Pricing is obtained: (1) compared to Myerson Auction,
Anonymous Pricing always generates at least a rléz—fraction of the
revenue; (2) there is a matching lower-bound instance.

In the unit-demand single-buyer setting, the tight approxima-
tion ratio between the simplest deterministic mechanism and the
optimal deterministic mechanism is attained: in terms of revenue,
(1) Uniform Pricing admits a 2.62-approximation to Item Pricing;
(2) a matching lower-bound instance is presented also.

These results answer two open questions asked by Alaei et al.
(FOCS’15) and Cai and Daskalakis (GEB’15). As an implication, in
the single-item setting: the approximation ratio of Second-Price
Auction with Anonymous Reserve (Hartline and Roughgarden
EC’09) is improved to 2.62, which breaks the best known upper
bound of e = 2.72.
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1 INTRODUCTION

Consider two typical revenue-maximization scenarios: (i) a seller
has n € N1 items for selling to a unit-demand buyer; and (ii) a
seller has a single item for selling to n € N> potential buyers. In the
both scenarios, the seller only knows the buyers’ value distributions
F = {F;}], for the item(s) instead of their exact values, and wants
to maximize his expected revenue.

The simplest mechanisms are to sell the item(s) at a fixed price.
In scenario (i), the seller can choose a uniform price for all items,
and then allows the unit-demand buyer to purchase his favorite
item (as long as the value of this item is at least the price). In
scenario (ii), the seller can select an anonymous price for the item;
the first coming buyer (in any order), whose value for the item is at
least the price, will take the item.

In practice, the both simple pricing schemes are widely used. In
terms of revenue, however, they may not be optimal. In scenario (i),
the seller can increase his expected revenue by posting item-wise
prices, i.e., the Item Pricing mechanisms in the literature [e.g., see
9, 10, 13-15, 17], which include all deterministic mechanisms’. In
scenario (ii), the seller can even organize an auction, and thus
gains more revenue by leveraging the buyer competition. Among
these auction schemes, the remarkable Myerson Auction gives the
best revenue [see 33].

Compared to the optimal yet complicated mechanisms, how
much revenues can the simple and practical pricing schemes guar-
antee? This is a central question in the theory of Bayesian mecha-
nism design, or more precisely, the “simple versus optimal” research
program. E.g., as we quote from the survey of Lucier [31]: “an inter-
esting question is how well one can approximate the optimal revenue
using an anonymous price, rather than personalized prices.”

!If randomness is allowed, the seller may further increase his revenue by using the
Lottery Pricing mechanisms [see 10, 15, 16].
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For both of Anonymous Pricing and Uniform Pricing, we settle
their approximability in this work.

THEOREM 1 (Myerson Auction vs. Anonymous Pricing). To sell
a single item to multiple buyers with independent regular distribu-
tions, the supremum ratio of the Myerson Auction revenue to the
Anonymous Pricing revenue equals to the constant

Yoy / (1- ¢ QW) . dx ~ 2.6202,
1

where function Q(p) g_ In(1-p~%) - % DI k2 'PiZk‘

THEOREM 2 (ITEM PRICING vS. UNIFORM PRICING). To sell multiple
items to a unit-demand buyer with independent regular distributions,
the supremum ratio of the Item Pricing revenue to the Uniform Pricing
revenue equals to the constant C* ~ 2.6202.

Notably, the imposed regularity assumption (see Section 2 for its
definition) of distributions is very standard in microeconomics, and
was used in a large volume of previous work. When we allow arbi-
trarily weird distributions, the both supremum ratios increases to n
[see 3, Section 5]. Because those weird distributions are uncommon
in practice, the bound of n might not be that informative.

The main body of this work is devoted to establishing the upper-
bound part of Theorem 1. For the lower-bound part, Jin et al. [30,
Appendix A.4] gave a matching instance.

Chawla et al. [13, 14, 15] proposed the single-dimensional rep-
resentative method’, bridging scenarios (i) and (ii). As a result,
Theorem 1 implies the upper-bound part of Theorem 2. In addition,
after reinterpretation and fine-tuning, the lower-bound instance
of Theorem 1 also applies to Theorem 2. (All discussions about
Theorem 2 will be presented in the full version of this work.) To
the best of our knowledge, Theorem 2 gives the first tight constant
approximation ratio in any multi-dimensional setting.

As another implication of Theorem 1, the approximation ratio
of Second-Price Auction with Anonymous Reserve [e.g., see 2, 12,
29, 30, 32] against Myerson Auction is improved to C* ~ 2.62.
This comparison is a main open problem asked by Hartline and
Roughgarden [29], who proved that the tight ratio is between 2 and
4. This range later shrank to [2.15, 2.72] due to Alaei et al. [3] and
Jin et al. [30]. Whether our upper bound of C* ~ 2.62 is tight is
unknown.

1.1 Our Technique

To prove Theorem 1, like [3, 30], we interpret the ratio as the ob-
jective function of a math program, and then manually solve the
optimal solution. The variables of this math program are an instance
F of the mechanism design problem, i.e., n € N> regular distri-
butions {F;}!_; and the number of n itself. Given such a regular
instance F: the objective function is the Myerson Auction revenue;
the constraint is that the optimal Anonymous Pricing revenue is at
most 1.

Formulation. Regarded as functions of the regular instance, the
Anonymous Pricing revenue is easy to formulate, whereas the My-
erson Auction revenue is quite complex. Given this, Alaei et al. [3]

2The name “single-dimensional representative method” is due to Hartline [28, Chap-
ter 8.5].
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replaced Myerson Auction with Ex-Ante Relaxation (see [14]), i.e.,
a “handy” and relaxed objective function. However, the consequent
ratio of e ~ 2.72 is no longer tight for the Myerson Auction vs.
Anonymous Pricing problem.

Conceivably, investigating Myerson Auction itself is necessary
for acquiring the exact revenue formula. For this, the main obstacle
is that Myerson Auction is clarified based on the virtual values [33].
We introduce the virtual value CDF in Section 2, resulting in the
desired revenue formula.

We need three different representations of a distribution: (1) the
CDF F; is used to formulate the Anonymous Pricing revenue, (2) the
virtual value CDF D; is used to formulate the Myerson Auction
revenue, and (3) the revenue-quantile curve r; is more convenient
to decide whether a distribution is regular. In different parts of the
proof, we will choose the most suitable representation. This incurs
another task — how to bridge these representations. Actually, we
observe several one-to-one identities among these representations,
which may be of independent interest (cf. the similar structural
result in [20, Lemma 5]) and find their applications in the future.

Similar to [3, 30], the proof in this work can be organized into
the Reduction Part and the Optimization Part.

Reduction Part. To solve the Ex-Ante Relaxation vs. Anonymous
Pricing problem, Alaei et al. [3] first showed that the worst case is
reached by the triangular distributions, i.e., a subset of regular distri-
butions. A regular distribution has a concave-shape revenue-quantile
curve. By contrast, a triangular distribution has a triangle-shape
revenue-quantile curve, which lies on the boundary of the concave
curve family. Le., a triangular distribution is on the boundary of
the regular distribution family. Notably, describing a triangular
distribution requires merely two parameters. Thus, the reduction
to the triangular distributions greatly simplifies the math program
in [3].

Actually, given any regular instance F = {F;}!" |, the Ex-Ante Re-
laxation revenue only depends on a specific set of value-probability
pairs {(bi, Fi(bi))}?zl. Among all regular instances with the same
value-probability pairs, there exists a certain instance being stochas-
tically dominated by the others and thus giving the smallest Anony-
mous Pricing revenue (for any posted price p € Rx¢). This special
instance is exactly a triangular instance.

In comparison, the Myerson Auction revenue depends on the
whole instance F = {F;}! | rather than any set of value-probability
pairs. Hence, the mentioned reduction seems inapplicable to the
math program in this work. We instead adopt several more compli-
cated reductions, thus to some extent characterizing the worst-case
instance of our math program.

More concretely, we observe that a (worst-case) revenue-quantile
curve r; is a triangle or quadrangle with a curved edge. Since such a
revenue-quantile curve r; is a concave function (as the distribution
F; is regular), the curved edge is upper-bounded by each tangent
line of it; thus, the distribution that corresponds to this tangent line
stochastically dominates distribution F;. Also, the curved edge is
lower-bounded by the line connecting its two ends, which corre-
sponds to another distribution that is stochastically dominated by
distribution F;. Each of our reductions never decreases the Myer-
son Auction revenue. Moreover, with the help of the two auxiliary
distributions, we also prove that, after each reduction, the optimal
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Anonymous Pricing revenue is at most 1. Le., the feasibility of the
instance is always guaranteed.

To the best of our knowledge, no reductions tailored specifically
to asymmetric regular distributions are previously known. Because
many other single-dimensional or multi-dimensional mechanisms
in the literature are built on Anonymous Pricing, the techniques in
the Reduction Part might enlighten the future work on proving
tight or tighter approximation ratios of these mechanisms.

Optimization Part. For each math program in [3, 30] and this
work, the worst-case instance falls in the family of what we call
continuous instances. A continuous instance is comprised of infinite
buyers, each of which has an infinitesimal buying-probability. Con-
ceivably, the Myerson Auction revenue or the Ex-Ante Relaxation
revenue from a continuous instance is captured by an integral. In
addition, we will see that the ratio C* ~ 2.62 is exactly the best
Myerson Auction revenue achievable by any continuous instance.
To settle Theorem 1, it suffices to prove that any feasible instance
of our math program can be transformed into another continuous
instance, without hurting the Myerson Auction revenue. Such idea
was also employed in [3] to obtain the tight ratio of e ~ 2.72 for
the Ex-Ante Relaxation vs. Anonymous Pricing problem.

As mentioned, the first step in [3] is a reduction from any regular
instance to another triangular instance. Actually, any set of trian-
gular distributions intrinsically admits a total order. Also, because
of the special structure of Ex-Ante Relaxation, these triangular dis-
tributions can be transformed (into a target continuous instance)
one by one in the total order. This fact greatly simplifies the proof
in [3].

However, a set of regular distributions in general does not admit
the mentioned total order. For this reason, in this work: (locally)
each distribution has to be transformed piece by piece; (globally)
all distributions have to be transformed simultaneously. Besides,
Myerson Auction has a more complicated structure than Ex-Ante
Relaxation. These issues together incur many technical challenges
to implementing the transformation and verifying that the Myerson
Auction revenue never decreases.

To enable the proof, potential function comes to the rescue: we
find a natural potential to indicate the status of an instance. (In
some sense, this potential function is a new representation of a
distribution.) Given this, we can implement the transformation
as an iterative algorithm, during which the potential declines by
a fixed amount per iteration. After sufficiently many iterations,
the potential ultimately declines to zero, and a desired continuous
instance is achieved.

Such transformation is applicable to any instance whose optimal
Anonymous Pricing revenue is at most (1 — ¢), i.e., any instance
locating in the interior of the feasible space of our math program.
For any instance locating on the boundary of the feasible space, we
still need to convert it into another “interior” instance. This modifi-
cation may incur a revenue loss of Myerson Auction. However, once
the modification is small enough (under some measurement), the
revenue loss can be arbitrarily small, which is sufficient to establish
Theorem 1.

Even though the ideas of modifying the input instance are widely
used in other subareas within TCS (e.g., the smoothed analysis litera-
ture), this is the first time that they are used to prove approximation
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ratio of simple mechanism. In return, the techniques involved in
the Optimization Part may even be of interest to the optimization
community and the approximation algorithms community.

1.2 Further Related Work

Both of Anonymous Pricing and Uniform Pricing are widely studied
in the literature [3, 7-9, 22-24, 28, 30]. In the single-item setting,
another important family of pricing schemes is Sequential Posted-
Pricing [1, 4, 19, 25, 30, 31]. Such a mechanism allows buyer-wise
pricing strategies, and therefore dominates Anonymous Pricing
in revenue. Under the regularity assumption, the tight ratio of
Sequential Posted-Pricing to Anonymous Pricing also equals to
C* ~ 2.62 [30].

In the single-buyer unit-demand setting, the family of Item Pric-
ing mechanisms includes all deterministic mechanisms, among
which finding the optimum is NP-hard [17]. If randomness is al-
lowed, the seller can gain more revenue by employing lottery [10,
15, 16, 27]. Chen et al. [16] settled the complexities of finding and
describing the optimal randomized mechanism.

Other more general multi-item settings involve single or multi-
ple buyers with unit-demand or other utility functions, in which
optimal mechanisms can be much more complex. For this reason,
the last two decades have seen a great deal of work on proving the
intractability of optimal mechanisms, and an richer literature on
proving that simple mechanisms approximate optimal mechanisms
by constant factors. In this amount of space, evaluating so extensive
a literature is impossible. As a guideline, the reader can refer to the
hardness results in [5, 16-18, 21, 26, 34], the approximation results
in [6, 9-11, 13-15, 35], and the references therein.

2 NOTATION AND PRELIMINARIES

Below, we formally define in the mathematical notions to be used
in the paper.

e Function (-)+ maps any real number z € R to max{0, z}.
e Function 1{-} denotes the indicator function.

® g(z7) = lim g(w) and g(z*) £ lim g(w) respectively
w—z wozt

denote the left and the right limitations (if exist) of a function
g in the neighborhood of w = z.

9(w)—g(2) def

sy~ and d.g(z) = lim 9w=9@z) ..
w—ozt

def .

° 0-g(z) = lim_ 2
spectively denote the left derivative and the right derivative
(if exist) of a function g at w = z.

o For any increasing function g (may not be strictly increasing),
define its inverse function as g~ !(z) « max{w € R | g(w) <
z}. Similarly, for any decreasing function g, define its inverse

function as g7 (z) = min{w € R | g(w) > z}.

Probability Distribution. We use three mathematically equiva-
lent representations to describe a regular distribution: cumulative
distribution function, revenue-quantile curve, and virtual value
cumulative distribution function. Actually, the first and the second
representations (to be introduced in Section 2.1) are applicable to
more general distributions.
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2.1 Cumulative Distribution Function and
Revenue-Quantile Curve

The most natural way to describe a distribution is the cumula-

tive distribution function (CDF) F;, which is assumed to be a left-

continuous function for convenience. Le., let b; be arandom variable

drawn from this distribution, then F;(x) = Pr{b; < x} forall x € R.

When there is no ambiguity, we also denote by F; the distribution.

Fi(p) ri(q)
ri(qi) =viqi F - -~

ri(0) q
0 qi 1

(2) CDF

(b) Revenue-quantile curve

Figure 1: Demonstration for the CDF and the revenue-
quantile curve.

Revenue-Quantile Curve. If distribution F; has a non-negative
support supp(F;) € Rxp, the revenue-quantile curve r; defined
below also records all details, thus being a new representation.
The both representations are respectively illustrated in Figures 1(a)

and 1(b).

Fact 1. For any distribution, its CDF F; and revenue-quantile
curve r; admit the reductions below:
(1) rilg) = q - Fi’l(l —q) for all q € (0,1]. In addition, r;(0) =
lim ri(q) = lim p- (1 - Fi(p)) if this limitation exists. (r;
q_)0+ p—ox

is a left-continuous function a la F;)
(2) Fip) = mingepo, {1~ q | ri(q)/q > p} for all p € R
Extra Notation. We now define several useful quantities based
on the CDF F;:

o The support-supremum u; & max {supp(Fi)} € Rxo.

o The monopoly pricev; € argmax;,cp {p -(1 —Fi(p))}. When
there are multiple alternative monopoly prices, we break ties
by choosing the largest one.

e The monopoly quantile q; = (1 - Fi(vy)) €[0,1].

Alternatively, we can defined these quantities based on the revenue-
quantile curve r; as well:

o The support-supremum u; = lim ri(q)/q.
q—0*

e The monopoly quantile ¢; € argmax e, 1] {ri(q)}. When
there are multiple alternative monopoly quantiles, we break
ties by choosing the smallest one.

o The monopoly price v; = ri(qi)/q;.

Note that v; < u; and possibly v; = u; = co. To comprehend these
notions intuitively, consider this pricing scenario: a seller wants
to sell a single item by posting a price of p € Rx¢; a single buyer
draws his value of b; € R>¢ from a distribution F;, and takes the
item iff his value is at least the posted price of p;. Clearly, the value
of b; is capped to the support-supremum u;. Also, the seller can
maximize his expected revenue by posting the monopoly price

Jin, et al.

p = v;, resulting in a selling probability (i.e., the quantile) of the
monopoly quantile g;.

2.2 Regular Distribution and Virtual Value

We denote by REG the set of regular distributions. It is well known
[e.g., see 33] that there are several equivalent ways to describe such
a distribution. Among these equivalent definitions, we will choose
the most convenient one in different parts of this work.

DEFINITION 1 (REGULAR DISTRIBUTION). The following condi-
tions for the regularity are equivalent.
(1) The virtual value CDF D; is well defined, and has a finite
expectation /R z - dDj(2).
(2) The revenue-quantile curve r; is a continuous and concave
function on interval q € [0, 1].

(3) The virtual value function ¢;(p) = p— I}F(’p(f) is an increasing

function on interval p € Rx¢ (with the conventions that % =0,

£ = co and & = 0 when z € Rxg), where f;(p) dzefﬁ_Fi(p) is
the probability density function (PDF).

Together with a positive constant r;(0) > ( - /R z-dDi(2)), . we
can reconstruct the CDF F; and the revenue-quantile curve r; from
the virtual value CDF D; and vice versa.

FacT 2. For any regular distribution F; € REG, its virtual value
CDF D; (well defined) and revenue-quantile curve r; (continuous and
concave) admit the reductions below:

1
(1) ri(q) = ri(0) +/ D; (1 -2z)-dz forallq € [0,1].

0
(2) Di(x) = mingep, 11{1 — q | 0-ri(q) = x} for all x € R, with
the convention d_r;(0) = co.

Fact 3. For any regular distribution F; € REG, its virtual value
CDF D; (well defined) and CDF F; (with an increasing virtual value
function ¢;) admit the reductions below:

(1) (p,-(Fl._l(l -q) = Di_l(l —q) forallq € [0,1].

(2) Di(x) = Fi(¢;(x7)) forallx € R.

By the above discussions, we can infer the next Corollary 1.

CoROLLARY 1. For any regular distribution F; € REG, the following
holds.

(1) In interval q € [0, 1], the revenue-quantile curve r; is left- and
right-differentiable everywhere. At any quantile q € [0, 1], the
left derivative equals to the corresponding virtual value, i.e.,
d-ri(g) = D;'(1-q) = ¢i(F; ' (1 - q)).

(2) Only at the support-supremum u; = max{supp(F;)} € Rxg
the distribution F; may have a probability mass; the CDF F; is
left- and right-differentiable anywhere else. W.l.o.g., the PDF
fi exists and is left-continuous.

(3) The CDF stochastically dominates the virtual value CDF, i.e.,
Fi(x) < Dj(x) forallx € R.

As the next Figure 2 shows, the quantities defined before also
have geometric meanings w.r.t. the virtual value CDF:
e The support-supremum u; = max {supp(Di)} = ¢i(u})
when the constant r;(0) = 0 and u; = co when the constant
ri(0) > 0.
e The monopoly quantile g; = 1 — D;(0).



Tight Approximation Ratio of Anonymous Pricing

e The monopoly price v; = qi_1 . (r,~(0)+/R>0 x-dD;(x)), giving
a virtual value of ¢;(v]) = min {supp(Di) N R20}~

0 »i(v]) supp(D;)
Figure 2: Demonstration for the virtual value CDF of a regu-
lar distribution.

Triangular Distribution. This family of distributions [denoted
by Try; introduced by 3] is a subset of the regular distribution
family REG. Such a distribution has the same support-supremum
and monopoly price u; = v; € Rx¢. Given the monopoly quantile
qi € [0, 1], a triangular distribution TRr1(v;, q;) can be represented
as follows. As Figure 3(b) below shows, the triangular distribution
Tr1(v;, q;) has a triangle-shape revenue-quantile curve r;.

o The CDF F;(p) = % for all p € [0, v;] and F;(p) =
1 for all p € (v;, 00).

e The revenue-quantile curve r;j(q) = v; - q for all q € [0, ¢;)
and ri(q) = % -(1—-g)forallq € [q;,1].

o The virtual value CDF D;(x) = (1 —q;) - 1{x > fj—g‘l} +qi-
1{x > v;} for all x € R.

Fi(p) ri(q)

viqi -

q

0 qi 1

(a) CDF

(b) Revenue-quantile curve

Figure 3: Demonstration for distribution Tr1(v;, q;)

Particularly, we denote by TRri(co) the limitation distribution
lim Tri(N, 1/N), which has a CDF of F(p) = L_ for allp e Rxg
N—oo p+l

and a revenue-quantile curve of r(q) = 1 — g for all q € [0, 1]. We
will see that the worst-case instance of the Myerson Auction vs.
Anonymous Pricing problem involves this distribution Tri(co).

2.3 Myerson Auction and Anonymous Pricing

In the single-item Bayesian mechanism design setting, a seller wants
to sell an indivisible item to n € N> potential buyers. The buyers
independently draw their values {b;}}_; € RY from the distribu-
tions {F;}1 .
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Myerson Auction. For any regular® instance F = {F; }, € Rec",
upon receiving the values {b;}]_; from the buyers, the seller per-
forms Myerson Auction as follows:

(1) For some permutation {o;}; € TI, the virtual values

05, (boy) 2 0oy(bsy) 2 -+ 2 05, (bs,_,) 2 Po,(bs,)
(2) Ifthe highest virtual value ¢4, (bs,) > 0, then buyer oy wins
the item, with a payment of ¢! (max{0, ¢5,(bs,)})

We denote by OPT(F) or simply OPT (if the instance F = {F;}_ | is
understood) the Myerson Auction revenue, which is formulated as
Fact 4 in the below.

FacT 4 (MYERSON AucTiON REVENUE FormuULA). For any regular
instance F = {F;}" | € ReG",

n

OPT(F) = 3 ri(0) + /000(1 - ﬁDi(x)) - dx.
i=1

i=1

Anonymous Pricing. In such a mechanism, the seller posts a price
of p € Ry to the item. The item is sold out iff at least one buyer
i € [n] has a value of b; > p. Obviously, the selling probability
equals to (1 - [T, Fi (p)), resulting in an expected revenue of

w0 p- (1-[ [rip).
i=1

Again, we write AP(p) instead of AP(p, F) when the instance F =
{Fi}!_, is understood. The seller will choose an optimal posted

price, hence a revenue of AP « max,eR,, {AP(p)}.

The Myerson Auction vs. Anonymous Pricing problem can be
formulated the following Program (P0). Notice that constraint (C0)
trivially holds when p € (0, 1).

Fg}lé)én OPT = gri(o) + ‘/000(1 - QDi(x)) -dx  (P0)

s.t. AP(p) = p - (1 - ﬁ Fi(p)) <1LVpe[lo] (CO)

i=1

3 PROOF OVERVIEW

The proof of Theorem 1 is enabled by finding the worst-case in-
stance of Program (P0). We will outline the approach in this section
(with more details postponed to the full version of this work), which
can be divided into the following two parts.

Reduction Part. In Sections 3.1 to 3.3, we will present several
reductions among the feasible instances of Program (P0), with the
purpose of characterizing the worst case. As a result, the optimal
objective value of Program (P0) is upper-bounded by that of the
following Program (P1).

3For an irregular instance, Myerson Auction is more complex and may be randomized.
Also, the revenue formula in Fact 4 should take into account the virtual value CDF’s
after the ironing process [33].
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omax  OPT=2+ /100(1 - ]jDi(x)) . dx (1)
s.t. Zln (1 +p- Fz(ll))@)) < —p-In(1-p72),

Vpe[l,o] (C1)

ri(gi) -(1-q) forall g € [g;,1],
—qi

Vi € [n] (C2)
v; > 1, qoi(vzr) >1, 0<q; <ri(qi) £1, ri(0)=0,
Vi € [n] (C3)

rilg)=T_

Optimization Part. We will define a special feasible instance of
Program (P1) in Section 3.4, and then prove that this instance is
actually a worst-case instance (see Sections 3.5 to 3.7). To convey
the main ideas behind the proof, a “proof plan” is provided at the
end of Section 3.4.

3.1 A Special Buyer Tri(1, 1)

Given any feasible instance F = {F;}]_, of Program (P0), we in-
vestigate the composition of it with the special triangular dis-
tribution TRi1(1, 1). By definition (see Section 2.1), the triangular
distribution Tri(1, 1) has the same CDF and virtual value CDF
Fo(p) = Do(p) = 1{p > 1}.

First, the composition instance is feasible to Program (P0) as well.
Le., for any posted price of p € [1, =], since Fo(p) = 1, the compo-
sition instance gives the same Anonymous Pricing revenue as the
given instance F. Second, compared to the given instance F, the
composition instance Tr1(1, 1) UF gives a higher Myerson Auction
revenue. In that Dy(p) = 1{p > 1},

OPT(Tri(1,1) UF) =1+ Zn: ri(0) + /w(l - ﬁDi(x)) -dx.
i=1 1 i=1

This modified objective function indicates that any other buyer
now contributes to the Myerson Auction revenue only when his vir-
tual value is higher than 1. This observation enables the next Main
Lemma 1. To establish this main lemma, we employ the ideas in-
volved in [3, Lemma 3.1].

MaiIN LEMMA 1. For any worst-case instance {Tri(1,1)} U F of
Program (P0), w.l.o.g. the following holds for each i € [n]:

(1) The revenue-quantile curve ri(q) = rl(q’ - (1 = q) for all
q € [qi,1].

(2) If the monopoly quantile q; > 0, then d_ri(q) > 1 for all
q € [0,qi]-

We transform Program (P0) into the next Program (P0”). Clearly,
constraint (C1’) is due to Main Lemma 1.1. For constraint (C2’),

the first and the second inequalities are due to Main Lemma 1.2:

the monopoly price v; = % > 1 (with the convention that

£ = oo when z > 0) and the monopoly virtual value ¢;(v}) =

lim d_ri(q) > 1.Since v; > 1, the revenue-quantile curve r;(q;) =
q9—4;

viqi > qi = 0.In addition, 1 > AP(v;) > v; - (1 - Fi(vy)) =
ri(qi), where the first inequality is due to constraint (C0’). For
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ease of notation, we never explicitly mention the special triangular
distribution Tri(1, 1) elsewhere.

Fg}lé)én OPT =1+ IZ: ri(0) + [m(l - ﬁDi(x)) -dx (P0’)
:p@—fp@ﬂsL
i=1

Til9i) (1 _ ) for all g € [gi, 1],
1—qi

sit. AP(p) Vp € [1,00] (CO%)

ri(q) =
Vie[n] (C1)
vi > 1, ¢i(vf) > 1, 0<q; <ri(qi) <1,
Vie[n] (C2)

3.2 A Special Buyer Tri(c0)

We further analyze the worst-case instance of Program (P0’), re-
sulting in the next Main Lemma 2.

MAIN LEMMA 2 (A SpECIAL BUYER TRI(0)). For any worst-case
instance F = {F;}!" | of Program (P0’), w.Lo.g. the following holds:

(1) ro(q) = 1—q forallq € [0, 1], i.e, Fo(p) =
(2) qi > 0 and ri(0) = 0 for each i € [n].

Imfor allp € Rxp.

Based on Main Lemma 2, we can transform Program (P0’) into
the next Program (P0’’). Concretely, objective (P0’’) is due to objec-
tive (P0’), by taking into account Main Lemma 2 as (in a worst case)
2rori(0) =1+ X" ri(0) = 1. Besides, constraint (C2"’) is due
to constraint (C2”) and Main Lemma 2.2. For simplicity, we never
explicitly mention the special distribution Tri(co) elsewhere.

0 n
OPT =2 1-| | Di(x)) - dx P0”’
L + /1 ( U z(x)) (P0”)

sit. AP(p)=p~(l—m ljF(p))<1

Vp € [1,00] (C0”)

ri(q) | (1 - gq) forall q € [g;, 1],
—qi

Vie[n] (C1”)
vi > 1, gi(vf) =1, 0<q; <ri(q:) <1, ri(0) =0
Vi € [n] (c2”)

ril@=1——

3.3 A Simple Relaxation

Comparing Program (P0”’) to the desired Program (P1), we notice
that only constraint (C0"") differs from constraint (C1). To complete
the transformation, we rearrange constraint (C0”’), hence another
mathematically equivalent constraint (C0’").

; In (1 + 1;‘[—}_‘(;};’») < -In(1 —p_z); (Co’”’)
;ln(l"'p'l;i—f(;i)(p))ﬁ—p-ln(l—pz), 1)
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Clearly, constraint (C1) can be derived from constraint (C0’’”) via a
standard trick [e.g., see 3, Lemma 3.4, i.e., In(1+2) > p~'-In(1+p-z)
whenp > 1and z > 0.

This accomplishes the Reduction Part of Section 3. To see The-
orem 1, it suffices to prove that the optimal objective value of Pro-
gram (P1) is upper-bounded by the constant C* ~ 2.62.

3.4 Continuous Instance

In the reminder of Section 3 (i.e., the Optimization Part), we
will grasp a specific worst-case instance of Program (P1). This
instance lies in the family of what we call continuous instances.
Parameterized by y € [1, ], a continuous instance CoNT(y) is
comprised of a spectrum of “small” triangular distributions, making
constraint (C1) tight everywhere in interval p € [y, co]. Denote by
function R(p) £ —p - In(1 — p~?) the RHS of constraint (C1). Based
on function R, we provide a formal definition of the continuous
instance CoNT(y) below.

DEFINITION 2. Given any parameter y € [1,00], for any posi-
tive integer m € N1, consider the following triangular instance
2
{TRI(’Ul', ‘Ii)}i”il-'

def i— . .
o Letv; =y +m~— % for each i € [m?). For ease of notation,

d
let vy Y .
; vigiy _ N def  gR()-R(@i-1)_q
o Lety In (1+ _1—qi) =R(v;), i.e, qi = W CnE CCrny
for each i € [m?].
Then, the continuous instance CONT(y) is defined as the limitation

. 2 ; . ;
instance lim {Tri(vi,q;)}]2,. By construction, each triangular in-
m—oo -

stance { Tri(v;, q,—)};’j1 and the continuous instance CONT(y) are fea-
sible to Program (P1).

Recall function Q(p) = —In(1 — p72) - % W k2. p=2k in-
volved in Theorem 1. In the next Fact 5, we get a Myerson Auction
revenue formula tailored specifically to continuous instances. The
subsequent Figure 4 is offered for demonstration.

Fact 5 (Myerson Auction REVENUE FORMULA FOR CONTINU-
ous INSTANCE). Given any continuous instance CONT(y), where y €
[1, 00], the Myerson Auction revenue equals to

OPT(Contly)) = 2 + / (1-eQumaxtzrd) . gx,
1

which is a decreasing function on interval y € [1, co].

The reader may wonder how to get Fact 5 from Definition 2:
the revenue formula involves function Q, whereas a continuous
instance CONT(y) is defined based on function R. Actually, there is
a differential equation bridging the both functions and thus enabling
Fact 5. (We defer such technical details to the full version.) It is
noteworthy that, among all continuous instances, CoNT(1) gives
the best Myerson Auction revenue, i.e.,

(o)
OPT(Cont(1)) = C* = 2 +/ (1 - e‘Q(")) ~dx ~ 2.62.
1
Proof Plan and Organization. In Sections 3.5 to 3.7, we will prove
that the special continuous instance CoNT(1) is a worst-case instance
of Program (P1).
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Figure 4: Demonstration for function y = ¢~9(?); the shadow
area equals to the Myerson Auction revenue OPT(CoNT(y)),
which is a decreasing function.

To this end, we will covert any feasible instance F = {F;}_ | of
Program (P1) to a targeted continuous instance CoNT(y*), without
hurting the Myerson Auction revenue. More concretely:

e We construct a finite-length LIST of instances, beginning
with the discrete instance F (also denoted by GIVEN), and
ending up with the targeted continuous instance CoNT(y*)
(also denoted by TAIL). In the interior of the LIST, any other
instance is composed of a discrete component and a contin-
uous component.

e Consider a pair of consecutive instances PREV and NEXT
in the LIST. The instance NEXT is constructed from the
instance PREV in a consistent pattern: we always “dimin-
ish” the discrete component and “augment” the continuous
component.

e The construction of the whole LIST will be implemented as
an iterative algorithm.

The remainder of Section 3 is organized as follows:

o In Section 3.5, we first clarify how to construct a single distri-
bution in each iteration, and then prove that this construction
preserves the feasibility to constraints (C2) and (C3).

e In Section 3.6, we will elaborate on the construction in each
iteration (i.e., how to obtain an instance NEXT from an in-
stance PREV), and afterward validate the feasibility to con-
straints (C1) under this construction.

o In Section 3.7, we will implement the iterative algorithm
based on the proposed constructions, showing that the tar-
geted continuous instance TAIL = CoNT(y*) brings a higher
Myerson Auction revenue than the discrete instance F =
GIVEN. As mentioned in Section 3.4, among all continuous
instances, CoNT(1) gives the best Myerson Auction revenue
of the constant C* = 2.62. Combining everything together
accomplishes the proof of Theorem 1.

3.5 Construction of a New Distribution Fj

To describe our construction of a new distribution Fy, from a given
feasible distribution Fj of Program (P1), we need the following
requisite notions about potential.

DEFINITION 3 (POTENTIAL OF A DISTRIBUTION). For any regular
distribution Fy. € REG:
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e Define the potential function Vi (p) YIn (1+p- l;f’(‘g)) on
interval p € Rxo.
o Define the gross potential ¥ 4 ¥ (vp) =In (1+ zljfgl’: ).

It is noteworthy that the potential function ¥ (p) is exactly the
k-th summand on the LHS of constraint (C1). Clearly, this function
records all details about distribution Fi, thus serving as a new
representation of distribution Fj. In the next Fact 6, we study the
monotonicity of the potential function ¥y (p), which is useful for
our later proofs.

FAcT 6 (POTENTIAL OF A DISTRIBUTION). For any feasible distri-
bution Fy. of Program (P1):

(1) The potential function ¥y (p) is a decreasing function on inter-

valp € Rxo.

(2) Pr(p) = Y whenp € [0,vr].

(3) ¥i(p) = 0 when p € (ug, ).
3.5.1 The Potential-Based Construction DIMINISH. Given any dis-
tribution Fj feasible to Program (P1), our construction of a new
distribution Fy, is controlled by a pointwise potential- decrease of
Ap € [0, ¥ ]. As the following Figure 5 shows, let ‘I’k(p) “ In (1+
p- LF—M) denote the new potential function,

Fi(p)

Yi(p) = (¥(p) = Ak)s
where function ()4 maps a real number z € R to max{z,0}. The
potential-decrease Ay is capped to the gross potential ¥ = In (1 +
vqu) Particularly, if Ap = ¥, then Fi.(p) = 1 for all p € Rxq.
We call the construction “DIMINISH the given distribution Fy by a

factor of A or simply Fj < DIMINISH(Fy,Ag) .
We now review several notions tailored specifically to the new

Vp € Rxo,

distribution Fy.

e The monopoly price Uy = vy, which can be inferred from
Fact 6 and Figure 5. To emphasize that the monopoly price
is invariant, we mark it with an asterisk *.

e The monopoly quantile qk < gk By construction, we have

In (1+ qu) =In(1+ 1qu) Ar.
e The support-supremum uy = ‘I’k (Ag) € [vg, ug], as Fig-
ure 5 suggests.

e W.lo.g., both of the new CDF F;, and the new PDF ]_ck are
left-continuous.

Later, we will prove that the new distribution Fy. is regular (see

Main Lemma 3 in Section 3.5.2), which implies the following:

dtf _1-Fx(p)
Fr®)

o The virtual value function ¢, (p) = is an increas-

ing function on interval p € Rxo.

o The revenue-quantile curve 7 is a concave function on in-
terval g € [0, 1]. By construction, we also have 7.(¢q) < rr(q)
for all q € [0, 1].

e The virtual value CDF Dy is well defined.

3.5.2  Properties of the Construction DIMINISH. In this part, we
present several properties of the construction DIMINISH, which
are cornerstones of our later proofs. First, as Figure 5(b) shows,
Fact 6 also holds for the new distribution Fy:
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Yr(p)
P
(a) Potential function of distribution Fj
i (p)
Y = P - Ax
I
I
I
I
I
|
|
L = P
0 Uy Uk

(b) Potential function of distribution F.

Figure 5: Demonstration for the construction of Fj.

(1) T(p) ZIn (1+p- - F’(‘;‘;J)) is a decreasing function on interval
p € [vg, ugl.

@) Fp(p) =Ty =In(1+ ﬁ—g’;) when p € (0,0).

(3) Yi(p) = 0 when p € (u, ).
The next Main Lemma 3 gives two important observations.

MAIN LEMMA 3 (VIRTUAL VALUE). For any feasible distribution
Fy. of Program (P1) and any potential-decrease Ay € [0, ¥y ], under
the construction Fy < DIMINISH(Fy, Ay) :

(1) The new distribution Fy. is regular, i.e., F}. € REG.
(2) The virtual value function ¢i.(p) > @i (p) for allp € Rxo.

3.5.3  Feasibility Analysis: Constraints (C2) and (C3). We next jus-
tify the feasibility to constraints (C2) and (C3) under the construc-
tion DIMINISH. For ease of reference, the both constraints are
reformulated in the below.

ri(qi)
—qi

il =1~

v} > 1, (p,-(v;“f) >1, 0<gq; <ri(q;) <1, ri(0)=0. (C3)

-(1-gq) forall q € [gi,1]; (C2)

[Constraint (C2)]. As mentioned in Section 3.5.2, the new distri-
bution F; satisfies Fact 6.2: In (1+ 2 ) Yi(p) = IFF(p(f))
for all p € [0,v]]. In terms of the revenue-quantile curve (see Sec-
tion 2.1), we have In (1 + 4! (q)) =Iln(1+ I(C‘IZ )) for all g € [g;,1].

Then, elementary calculations indicate that constraint (C2) holds
for the new distribution Fp.

In (1+p-
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[Constraint (C3)]. We verify all inequalities involved in con-
straint (C3) one by one.

(1) As mentioned in Section 3.5.1, the monopoly price v] is
invariant under the construction DIMINISH. Thus, the first
inequality v} > 1 trivially holds.

(2) It follows from Main Lemma 3.2 that the monopoly virtual

(C3)
value 9;(v;%) 2 ¢i(vj*) 2" 1.

(3) Asmentioned in Section 3.5.1, the monopoly quantileg; < g;.

When g; > 0, the revenue-quantile curve 7;(g;) = v;q; > q;

and 7;(q;) = v}q; < v;q; =ri(q:) (?) 1. When g; = 0, the
new CDF F;(p) = 1 for all p € Ry, i.e., the new distribution
F; is negligible.

(4) As mentioned in Section 3.5.1, 7;(q) < ri(q) for all g € [0, 1],
hence the last inequality.

For simplicity, we never explicitly mention constraints (C2) and
(C3) hereafter.

3.6 Construction of a New Instance F U ConT(Y)

To clarify the construction of a new instance (which is built on
the construction DIMINISH), we shall generalize the notions about
potential from a distribution to an instance:

DEFINITION 4 (POTENTIAL OF AN INSTANCE). For any regular
instance F = {F;}| € REG":

o Define the potential function ¥(p) < Poln(1+p- 1;,F(’p(§)))

on interval p € Rxo.
e Define the gross potential ¥ < P, In(1+ fj—g’l)
As an implication of Fact 6, the next Fact 7 is tailored to the feasible
instances of Program (P1).

FAcT 7 (POTENTIAL OF AN INSTANCE). For any feasible instance
F = {F;}]', of Program (P1):
(1) The potential function ¥(p) is a decreasing function on interval
P ERyxg.
(2) Y(p) =¥ when0 < p < V* gfminielnj{v;‘}‘
(3) ¥(p) = 0 whenco >p >U dzefmaxie[n]{ui}.

3.6.1 Construction of {F; }1,: DIMINISH. Given any feasible in-
stance F = {F;}]" | of Program (P1), the construction of a new

instance F = {1?,-};;1 is controlled by a potential-decrease of A €
[0,¥], where ¥ = 37, In (1+ fj—g’l) is the gross potential of the
given instance F. More concretely:

e We partition the potential-decrease of A into sub-potential-
decreases {A;}. ;. Recall Fact 7.1 that the potential function

¥(p) = X1, Yi(p) is a decreasing function. Parameterized
by U o ¥~1(A) € [V*, U], we simply choose A; «— ¥;(U)
for each i € [n]. Hence, (i) each sub-potential-decrease A;
is capped to the gross potential ¥; = In (1 + fj—g‘l) of that
distribution F;; and (ii) the potential-decrease of A entirely
gets allocated.

e With the sub-potential-decreases {A;}?

i=1’
new instance F via (for all k € [n]) the sub-constructions

we obtain the

STOC ’19, June 23-26, 2019, Phoenix, AZ, USA

F « DIMINISH(Fy, Ay) . The parameter U is exactly the

support-supremum of the new instance F.
Formally, the partition scheme {A;}!, and the construction are
implemented as Algorithm 1 (which is also named after “DIMINISH”
for simplicity) in the below. To make things mimic, we offer the
subsequent Figure 6 for demonstration.

Algorithmus 1 DIMINISH(F, A)

Input:  instance F = {F;}!; potential-decrease A
Output: instance F = {F;}]_,
1: Define the new support-supremum U « ¥~1(A)
2 forallk =1,2,--- ,ndo
3 A — min {¥(0),A}, then A — (A-Ay)
4 Fj. <« DIMINISH(F;, Ay)
5: end for B
6: return the new instance F

¥i(p)

Uy U

T
1
0 U Yy U

¥y =¥ - A,
Y =¥ -/

G 3 p

(b) The potential functions ¥1(p) and ¥2(p)

Figure 6: Demonstration for the construction DIMINISH.

Recall Main Lemma 3.2: under the construction DIMINISH, the
virtual value function g; (of each new distribution F;) maps any
value p € Ry¢ to a higher virtual value than the virtual value
function ¢; (of each given distribution F;).

Conceivably, higher virtual values shall lead to a higher Myer-
son Auction revenue. However, the construction DIMINISH makes
each new distribution F; stochastically dominated by the given
distribution F;, which incurs a revenue loss of Myerson Auction.
To deal with this issue, the key idea is to add a continuous instance
(see Definition 2) as compensation. In the subsequent Section 3.6.2,
we will explain how to construct this continuous instance.
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3.6.2 Construction of Cont(y): AUGMENT. Composing any in-
stance F = {F;}!", with a “fake” continuous instance CoNT(co)
preserves the feasibility to Program (P1) and the Myerson Auc-
tion revenue. Consequently, any feasible instance F U ConT(y) of
Program (P1) w.l.o.g. contains a continuous component, for some
parameter y € [1, o). For any parameter A € R, we construct the
new continuous component CoNT(y) from the given continuous
component CoNT(y) as follows:

7 =R (RG) +A),
which is demonstrated in the following Figure 7. Actually, function
R is a strictly decreasing function on its support p € [1, o] and
has a range of R[1,0] = Rs¢. Thus, the new continuous com-
ponent CoNT(Y) is always well defined. We call the construction
“AUGMENT the continuous component CONT(y) by a factor of A”

or simply CoNT(y) « AUGMENT(Cont(y),A) .

(a) The given continuous component CONT(y)

R(p)

RY) p=mm

I
I
I
I
I
l
— -
1
1
1
1
1
1

I

I

I

i
Y

(b) The new continuous component CoNT(y)

Figure 7: Demonstration for the construction AUGMENT.

3.6.3 Feasibility Analysis: Constraint (C1). For ease of reference,
constraint (C1) is reformulated below, in terms of the potential
function ¥(p) = X7, In (1+p- %‘g)) and function R(p) = —p -
In(1 - p~2). Notably, for any composition instance F U CoNT(y), the
potential function ¥(p) only refers to the discrete component F =
{Fi}!,. Moreover, we slightly modify the LHS of constraint (C1)

by taking into account the continuous component CoNT(y).

¥(p) + R(max{p,y}) < R(p), Vp € [1, 0] (C1)

On the one hand, the construction Fy « DIMINISH(Fy, Ag)
slackens constraint (C1) by a factor of A. On the other hand, the
construction CoNT(y) «— AUGMENT(Con1(y),A) tightenscon-
straint (C1) by a factor of A. Thus, we can easily infer the feasibility.
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3.6.4 Main Lemmas about DIMINISH and AUGMENT. We next
offer two technical lemmas about the constructions DIMINISH and
AUGMENT, which are the cornerstones of the proof of Theorem 1.
The next Main Lemma 4 suggests that, under certain conditions,
the constructions DIMINISH and AUGMENT as a whole lead to a
higher Myerson Auction revenue.

Main LEMMA 4 (CONSTRUCTION). For any feasible instance F U
Con1(y) of Program (P1) and any constant * € (0,1/2), denote by
U dzefmaxie[n] {uj} the support-supremum (of the discrete component
F = {F;},)and by V* dzefminie[n]{v;‘} > 1 the minimum monopoly
price. Suppose that the following holds:

o ¥(p) + R(max{p,y}) < R(p) - ¢* forallp € [1,U].
o R(y) = ¢*.

1
12

new instance FU CoNT(y) obtained via F < DIMINISH(F, A) and
Con1(y) <« AUGMENT(ConT1(y),A) :

_72 .
Then, for any potential-decrease* A < = - e~ V=1 - £*3, consider the

(1) OPT(F U Cont(y)) > OPT(F U Cont(y)).

(2) ¥(p) + R(max{p,7}) < R(p) — ¢* forallp € (1,U].
B) R(y)=Ry)+A = ¢

REMARK 1. Recall Section 3.6.1: to implement the construction

F < DIMINISH(F, A) , we first partition the potential-decrease A

n
i=1’

stance F via the sub-constructions Fj < DIMINISH(F,Ag) for

eachk € [n].
Naturally, the construction in Main Lemma 4 can be implemented
as an n-round iterative algorithm: in each k-th round, we invoke

the sub-constructions CoNT(y) < AUGMENT(Cont(y),Ar) and

into sub-potential-decreases {A;} and then obtain the new in-

F « DIMINISH(Fy, A) . It is not hard to see that each k-th

round preserves Points 2 to 4 (under minor modifications of the
statements) in Main Lemma 4.

In fact, the Myerson Auction revenue increases in each k-th round.
This task is much easier than proving Point 1 directly: because only
the k-th distribution and the continuous component change, we only
need to reason about them. After settling this simplified task, we infer
Point 1 by induction.

Main Lemma 4 naturally leads to an induction-based proof of
Theorem 1, since Points 3 and 4 respectively preserve Condi-
tions (a) and (b). More concretely, once modifying the given in-
stance F U CoNT(o0) so as to achieve the both conditions, we can
contruct the targeted continuous instance CoNT(y*) via an iterative
algorithm:

(1) Modify the given instance F U CoNT(c0) to achieve Condi-
tions (a) and (b).

(2) Select a suitable step-size A > 0 to make Main Lemma 4
applicable.

(3) Invoke the constructions in Main Lemma 4 repeatedly.

viq;
1-q

*Also, A is capped to ¥ = 3,7 In (1 +

component F.

> ), i.e., the gross potential of the discrete
L
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By Main Lemma 4.1 and induction, the Myerson Auction revenue in-
creases during Step 3 of the iterative algorithm. Thus, to prove The-
orem 1, the only issue left is whether the modification in Step 1 in-
curs a large revenue loss of Myerson Auction. With a small enough
constant ¢* in Main Lemma 4, we actually find a modification
scheme so that the revenue loss is arbitrarily small, which is suffi-
cient to establish Theorem 1:

(1) DIMINISH the given discrete component F by a factor of
2"

(2) AUGMENT the “fake” continuous component CONT(c0) by
a factor of *.

MAIN LEMMA 5 (MODIFICATION). For any feasible instance F =
{Fi}!*, of Program (P1) and any constant® €* € (0,1/2), consider the

instance F U CoNT(y) obtained via the constructions y « R™1(e*)
and F « DIMINISH(F, 2 - ¢*) :

(1) OPT(F U Cont(y)) = OPT(F U ConT(c0)) — 8 - £*.
(2) ¥(p) + R(max{p,y}) < R(p) — ¢* forallp € (1,U].
(3) R(y) = ¢".

3.7 Construction of the Targeted Continuous
Instance CoNT(y")

Based on the former discussions, we now construct the targeted
continuous instance CoNT(y*) from the given instance F = {F;}_ .
The whole construction is implemented as Algorithm 2 (named as
MAIN), which is composed of two subroutines:

(1) PREPROCESS, i.e., the modification of the given instance
based on Main Lemma 5.

(2) FOR-LOOP, i.e., the repeat invocation of the construction
from Main Lemma 4.

We adopt the following notations in MAIN. Particularly, any quan-
tity marked with an asterisk * is invariant (e.g., each monopoly
price v} > 1, as mentioned in Section 3.5.1).

oy ¥ oy In(1+ %) is the gross potential of the input

instance.

o ¢* < min{1/2,¥*/2} is an arbitrarily small constant.

o VY min;er,){vj} > 1 is the minimum monopoly price.

o« THE |-€1—,ﬁ23 SpE. ez/(v*_l)] is the time horizon of FOR-LOOP.

o A*Z (¥* -2 ¢*)/T" is the step size of FOR-LOOP.

oy ERI(PF — 2. %) € [1, 0] is well defined.

Finally, we can establish Theorem 1 by applying Algorithm 2
and Main Lemmas 4 and 5. During PREPROCESS (see Step 1),
the gross potential of the discrete component decreases from ¥*
to (P* — 2 - £*). Since the constant £* < min{1/2, ¥*/2}, Main
Lemma 5 is applicable, i.e., the revenue loss of Myerson Auction
during PREPROCESS is at most 8 - ¢*.

Now, we can infer Conditions (a) and (b) in Main Lemma 4
respectively from Points 3 and 4 in Main Lemma 5. By definition,
T*-A* = ¥*—2-¢*, ie., the remaining gross potential of (¥* —2-¢%)

. v¥q;
3Also, £* is capped to 1 - X7 In (1+ 1iq:

), i.e., half of the gross potential of the

given discrete component F.
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Algorithmus 2 MAIN(F* U ConT(c0), £*)

Input: instance F* U CoNT(o0); constant £* € (0,1/2)
Output: continuous instance CONT(y*)
1. F « DIMINISH(F, 2 - £*) > PREPROCESS
2. CoNT(y) « AUGMENT(CoNT(co), £*)
3. Update: F U CoNT(y) < F U ConT(Y)
4: forallt=1,2,---,T" do > FOR-LOOP

5: F < DIMINISH(F, A*)
6: CoNT(y) < AUGMENT (CoNT(y), A*)

7 Update: F U CoNT(y) < FU ConT(Y)
8: end for
9: return the continuous instance ConT(y*) « ConT(y)

is comprised of T* units, with a potential of A* each. In FOR-LOOP
(see Step 5), each iteration ¢ € [T*] incurs a unit of potential
decrease, i.e.,
-2 P*—2.¢" 1 « .
L e2/(VI-1) 3

A* = =
T Mz 9= 2V 1) 3] © 12

Thus, Main Lemma 4 is applicable to each of the T* iterations, i.e.,
the Myerson Auction revenue never decreases during FOR-LOOP.

By Fact 5, this targeted continuous instance CONT(y*) gives
a smaller Myerson Auction revenue than the special continuous
instance ConT(1), i.e., OPT(ConT(y*)) < OPT(Cont(1)) = C* »
2.62. Put everything together:

OPT(F*) — 8- ¢* < OPT(Cont(y")) < C* ~ 2.62.

As the constant £* € (0, %) can be arbitrarily small, OPT(F*) <
C* ~ 2.62 for any feasible instance F* of Program (P1).

REFERENCES

[1] Melika Abolhassani, Soheil Ehsani, Hossein Esfandiari, MohammadTaghi Haji-
aghayi, Robert D. Kleinberg, and Brendan Lucier. 2017. Beating 1-1/e for ordered
prophets. In Proceedings of the 49th Annual ACM SIGACT Symposium on The-
ory of Computing, STOC 2017, Montreal, QC, Canada, June 19-23, 2017. 61-71.
https://doi.org/10.1145/3055399.3055479

[2] Saeed Alaei, Hu Fu, Nima Haghpanah, and Jason D. Hartline. 2013. The Simple
Economics of Approximately Optimal Auctions. In 54th Annual IEEE Symposium
on Foundations of Computer Science, FOCS 2013, 26-29 October, 2013, Berkeley, CA,
USA. 628-637. https://doi.org/10.1109/FOCS.2013.73

[3] Saeed Alaei, Jason D. Hartline, Rad Niazadeh, Emmanouil Pountourakis, and
Yang Yuan. 2015. Optimal Auctions vs. Anonymous Pricing. In IEEE 56th Annual
Symposium on Foundations of Computer Science, FOCS 2015, Berkeley, CA, USA,
17-20 October, 2015. 1446-1463. https://doi.org/10.1109/FOCS.2015.92

[4] Yossi Azar, Ashish Chiplunkar, and Haim Kaplan. 2018. Prophet Secretary:
Surpassing the 1-1/e Barrier. In Proceedings of the 2018 ACM Conference on Eco-
nomics and Computation, Ithaca, NY, USA, June 18-22, 2018. 303-318. https:
//doi.org/10.1145/3219166.3219182

[5] Moshe Babaioff, Yannai A. Gonczarowski, and Noam Nisan. 2017. The menu-size
complexity of revenue approximation. In Proceedings of the 49th Annual ACM
SIGACT Symposium on Theory of Computing, STOC 2017, Montreal, QC, Canada,
June 19-23, 2017. 869-877. https://doi.org/10.1145/3055399.3055426

[6] Moshe Babaioff, Nicole Immorlica, Brendan Lucier, and S. Matthew Weinberg.
2014. A Simple and Approximately Optimal Mechanism for an Additive Buyer.
In 55th IEEE Annual Symposium on Foundations of Computer Science, FOCS 2014,
Philadelphia, PA, USA, October 18-21, 2014. 21-30. https://doi.org/10.1109/FOCS.
2014.11

[7] Liad Blumrosen and Thomas Holenstein. 2008. Posted prices vs. negotiations: an
asymptotic analysis. In Proceedings 9th ACM Conference on Electronic Commerce
(EC-2008), Chicago, IL, USA, June 8-12, 2008. 49. https://doi.org/10.1145/1386790.
1386801


https://doi.org/10.1145/3055399.3055479
https://doi.org/10.1109/FOCS.2013.73
https://doi.org/10.1109/FOCS.2015.92
https://doi.org/10.1145/3219166.3219182
https://doi.org/10.1145/3219166.3219182
https://doi.org/10.1145/3055399.3055426
https://doi.org/10.1109/FOCS.2014.11
https://doi.org/10.1109/FOCS.2014.11
https://doi.org/10.1145/1386790.1386801
https://doi.org/10.1145/1386790.1386801

STOC ’19, June 23-26, 2019, Phoenix, AZ, USA

(8]

[9

[

[10]

[12]

(13

[14

[15

[16

[17

(18]

[19]

[20]

Patrick Briest. 2008. Uniform Budgets and the Envy-Free Pricing Problem. In
Automata, Languages and Programming, 35th International Colloquium, ICALP
2008, Reykjavik, Iceland, July 7-11, 2008, Proceedings, Part I: Tack A: Algo-
rithms, Automata, Complexity, and Games. 808-819. https://doi.org/10.1007/
978-3-540-70575-8_66

Yang Cai and Constantinos Daskalakis. 2015. Extreme value theorems for optimal
multidimensional pricing. Games and Economic Behavior 92 (2015), 266-305.
https://doi.org/10.1016/j.geb.2015.02.003

Yang Cai, Nikhil R. Devanur, and S. Matthew Weinberg. 2016. A duality based
unified approach to Bayesian mechanism design. In Proceedings of the 48th Annual
ACM SIGACT Symposium on Theory of Computing, STOC 2016, Cambridge, MA,
USA, June 18-21, 2016. 926-939. https://doi.org/10.1145/2897518.2897645

Yang Cai and Mingfei Zhao. 2017. Simple mechanisms for subadditive buyers via
duality. In Proceedings of the 49th Annual ACM SIGACT Symposium on Theory of
Computing, STOC 2017, Montreal, QC, Canada, June 19-23, 2017. 170-183. https:
//doi.org/10.1145/3055399.3055465

Nicolo Cesa-Bianchi, Claudio Gentile, and Yishay Mansour. 2015. Regret Mini-
mization for Reserve Prices in Second-Price Auctions. IEEE Trans. Information
Theory 61, 1 (2015), 549-564. https://doi.org/10.1109/TIT.2014.2365772

Shuchi Chawla, Jason D. Hartline, and Robert D. Kleinberg. 2007. Algorithmic
pricing via virtual valuations. In Proceedings 8th ACM Conference on Electronic
Commerce (EC-2007), San Diego, California, USA, June 11-15, 2007. 243-251. https:
//doi.org/10.1145/1250910.1250946

Shuchi Chawla, Jason D. Hartline, David L. Malec, and Balasubramanian Sivan.
2010. Multi-parameter mechanism design and sequential posted pricing. In
Proceedings of the 42nd ACM Symposium on Theory of Computing, STOC 2010,
Cambridge, Massachusetts, USA, 5-8 June 2010. 311-320. https://doi.org/10.1145/
1806689.1806733

Shuchi Chawla, David L. Malec, and Balasubramanian Sivan. 2015. The power
of randomness in Bayesian optimal mechanism design. Games and Economic
Behavior 91 (2015), 297-317. https://doi.org/10.1016/j.geb.2012.08.010

Xi Chen, Ilias Diakonikolas, Anthi Orfanou, Dimitris Paparas, Xiaorui Sun, and
Mihalis Yannakakis. 2015. On the Complexity of Optimal Lottery Pricing and
Randomized Mechanisms. In IEEE 56th Annual Symposium on Foundations of
Computer Science, FOCS 2015, Berkeley, CA, USA, 17-20 October, 2015. 1464-1479.
https://doi.org/10.1109/FOCS.2015.93

Xi Chen, Ilias Diakonikolas, Dimitris Paparas, Xiaorui Sun, and Mihalis Yan-
nakakis. 2018. The complexity of optimal multidimensional pricing for a unit-
demand buyer. Games and Economic Behavior 110 (2018), 139-164. https:
//doi.org/10.1016/j.geb.2018.03.016

Xi Chen, George Matikas, Dimitris Paparas, and Mihalis Yannakakis. 2018. On the
Complexity of Simple and Optimal Deterministic Mechanisms for an Additive
Buyer. In Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA 2018, New Orleans, LA, USA, January 7-10, 2018. 2036~
2049. https://doi.org/10.1137/1.9781611975031.133

José R. Correa, Patricio Foncea, Ruben Hoeksma, Tim Oosterwijk, and Tjark
Vredeveld. 2017. Posted Price Mechanisms for a Random Stream of Customers.
In Proceedings of the 2017 ACM Conference on Economics and Computation, EC ’17,
Cambridge, MA, USA, June 26-30, 2017. 169-186. https://doi.org/10.1145/3033274.
3085137

José R. Correa, Patricio Foncea, Dana Pizarro, and Victor Verdugo. 2019. From
pricing to prophets, and back! Oper. Res. Lett. 47, 1 (2019), 25-29. https://doi.org/

[21

[22

(23]

[24

[25

[26

@
=

[35

Jin, et al.

10.1016/j.0r1.2018.11.010

Constantinos Daskalakis, Alan Deckelbaum, and Christos Tzamos. 2014. The
Complexity of Optimal Mechanism Design. In Proceedings of the Twenty-Fifth An-
nual ACM-SIAM Symposium on Discrete Algorithms, SODA 2014, Portland, Oregon,
USA, January 5-7, 2014. 1302-1318. https://doi.org/10.1137/1.9781611973402.96
Paul Diitting, Felix A. Fischer, and Max Klimm. 2016. Revenue Gaps for Static and
Dynamic Posted Pricing of Homogeneous Goods. CoRR abs/1607.07105 (2016).
arXiv:1607.07105 http://arxiv.org/abs/1607.07105

Venkatesan Guruswami, Jason D. Hartline, Anna R. Karlin, David Kempe, Claire
Kenyon, and Frank McSherry. 2005. On profit-maximizing envy-free pricing. In
Proceedings of the Sixteenth Annual ACM-SIAM Symposium on Discrete Algorithms,
SODA 2005, Vancouver, British Columbia, Canada, January 23-25, 2005. 1164-1173.
http://dl.acm.org/citation.cfm?id=1070432.1070598

Nima Haghpanah and Jason D. Hartline. 2015. Reverse Mechanism Design. In
Proceedings of the Sixteenth ACM Conference on Economics and Computation, EC
’15, Portland, OR, USA, June 15-19, 2015. 757-758. https://doi.org/10.1145/2764468.
2764498

Mohammad Taghi Hajiaghayi, Robert D. Kleinberg, and Tuomas Sandholm. 2007.
Automated Online Mechanism Design and Prophet Inequalities. In Proceedings
of the Twenty-Second AAAI Conference on Artificial Intelligence, July 22-26, 2007,
Vancouver, British Columbia, Canada. 58-65. http://www.aaai.org/Library/ AAAI/
2007/aaai07-009.php

Sergiu Hart and Noam Nisan. 2012. Approximate revenue maximization with
multiple items. In ACM Conference on Electronic Commerce, EC °12, Valencia, Spain,

June 4-8, 2012. 656. https://doi.org/10.1145/2229012.2229061
Sergiu Hart and Noam Nisan. 2013. The menu-size complexity of auctions. In

ACM Conference on Electronic Commerce, EC ’13, Philadelphia, PA, USA, June
16-20, 2013. 565-566. https://doi.org/10.1145/2482540.2482544

Jason D Hartline. 2013. Mechanism design and approximation. Book draft. October
122 (2013).

Jason D. Hartline and Tim Roughgarden. 2009. Simple versus optimal mecha-
nisms. In Proceedings 10th ACM Conference on Electronic Commerce (EC-2009),
Stanford, California, USA, July 6-10, 2009. 225-234. https://doi.org/10.1145/
1566374.1566407

Yaonan Jin, Pinyan Lu, Zhihao Gavin Tang, and Tao Xiao. 2019. Tight Revenue
Gaps among Simple Mechanisms. In Proceedings of the Thirtieth Annual ACM-
SIAM Symposium on Discrete Algorithms, SODA 2019, San Diego, California, USA,
January 6-9, 2019. 209-228. https://doi.org/10.1137/1.9781611975482.14
Brendan Lucier. 2017. An economic view of prophet inequalities. SIGecom
Exchanges 16, 1 (2017), 24-47. https://doi.org/10.1145/3144722.3144725
Mehryar Mohri and Andres Muiioz Medina. 2016. Learning Algorithms for
Second-Price Auctions with Reserve. Journal of Machine Learning Research 17
(2016), 74:1-74:25. http://jmlr.org/papers/v17/14-499 html

Roger B. Myerson. 1981. Optimal Auction Design. Math. Oper. Res. 6, 1 (1981),
58-73. https://doi.org/10.1287/moor.6.1.58

Aviad Rubinstein. 2016. On the Computational Complexity of Optimal Sim-
ple Mechanisms. In Proceedings of the 2016 ACM Conference on Innovations in
Theoretical Computer Science, Cambridge, MA, USA, January 14-16, 2016. 21-28.
https://doi.org/10.1145/2840728.2840736

Andrew Chi-Chih Yao. 2015. An n-to-1 Bidder Reduction for Multi-item Auc-
tions and its Applications. In Proceedings of the Twenty-Sixth Annual ACM-SIAM
Symposium on Discrete Algorithms, SODA 2015, San Diego, CA, USA, January 4-6,
2015.92-109. https://doi.org/10.1137/1.9781611973730.8


https://doi.org/10.1007/978-3-540-70575-8_66
https://doi.org/10.1007/978-3-540-70575-8_66
https://doi.org/10.1016/j.geb.2015.02.003
https://doi.org/10.1145/2897518.2897645
https://doi.org/10.1145/3055399.3055465
https://doi.org/10.1145/3055399.3055465
https://doi.org/10.1109/TIT.2014.2365772
https://doi.org/10.1145/1250910.1250946
https://doi.org/10.1145/1250910.1250946
https://doi.org/10.1145/1806689.1806733
https://doi.org/10.1145/1806689.1806733
https://doi.org/10.1016/j.geb.2012.08.010
https://doi.org/10.1109/FOCS.2015.93
https://doi.org/10.1016/j.geb.2018.03.016
https://doi.org/10.1016/j.geb.2018.03.016
https://doi.org/10.1137/1.9781611975031.133
https://doi.org/10.1145/3033274.3085137
https://doi.org/10.1145/3033274.3085137
https://doi.org/10.1016/j.orl.2018.11.010
https://doi.org/10.1016/j.orl.2018.11.010
https://doi.org/10.1137/1.9781611973402.96
http://arxiv.org/abs/1607.07105
http://arxiv.org/abs/1607.07105
http://dl.acm.org/citation.cfm?id=1070432.1070598
https://doi.org/10.1145/2764468.2764498
https://doi.org/10.1145/2764468.2764498
http://www.aaai.org/Library/AAAI/2007/aaai07-009.php
http://www.aaai.org/Library/AAAI/2007/aaai07-009.php
https://doi.org/10.1145/2229012.2229061
https://doi.org/10.1145/2482540.2482544
https://doi.org/10.1145/1566374.1566407
https://doi.org/10.1145/1566374.1566407
https://doi.org/10.1137/1.9781611975482.14
https://doi.org/10.1145/3144722.3144725
http://jmlr.org/papers/v17/14-499.html
https://doi.org/10.1287/moor.6.1.58
https://doi.org/10.1145/2840728.2840736
https://doi.org/10.1137/1.9781611973730.8

	Abstract
	1 Introduction
	1.1 Our Technique
	1.2 Further Related Work

	2 Notation and Preliminaries
	2.1 Cumulative Distribution Function and Revenue-Quantile Curve
	2.2 Regular Distribution and Virtual Value
	2.3 Myerson Auction and Anonymous Pricing

	3 Proof Overview
	3.1 A Special Buyer Tri(1, 1)
	3.2 A Special Buyer Tri()
	3.3 A Simple Relaxation
	3.4 Continuous Instance
	3.5 Construction of a New Distribution Fk
	3.6 Construction of a New Instance FCont()
	3.7 Construction of the Targeted Continuous Instance Cont(*)

	References

