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Abstract

Designing small-sized coresets, which approximately preserve the costs of the solutions for large datasets,
has been an important research direction for the past decade. We consider coreset construction for a variety
of general constrained clustering problems. We introduce a general class of assignment constraints, including
capacity constraints on cluster centers, and assignment structure constraints for data points (modeled by
a convex body B). We give coresets for clustering problems with such general assignment constraints
that significantly generalize and improve known results. Notable implications include the first ε-coreset for
capacitated and fair k-Median with m outliers in Euclidean spaces whose size is Õ(m+ k2ε−4), generalizing
and improving upon the prior bounds in [BCJ+22, HJLW23] (for capacitated k-Median, the coreset size
bound obtained in [BCJ+22] is Õ(k3ε−6), and for k-Median with m outliers, the coreset size bound obtained
in [HJLW23] is Õ(m+k3ε−5)), and the first ε-coreset of size poly(kε−1) for fault-tolerant clustering for various
types of metric spaces.

Our algorithm improves upon the hierarchical uniform sampling framework in [BCJ+22, HJLW23] by
employing new adaptive sampling steps, resulting in better coreset size upper bounds for (k, z)-Clustering
subject to various capacity constraints. In addition, we introduce novel techniques to handle assignment
structure constraints. Specifically, we relate the coreset size to a complexity measure Lip(B) of the structure
constraint, where Lip(B) for convex body B is the Lipschitz constant of a certain transportation problem
constrained in B, called optimal assignment transportation problem. We prove nontrivial upper bounds of
Lip(B) for various polytopes, including the general matroid basis polytopes, and laminar matroid polytopes
(with a better bound).
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1 Introduction

We study coresets for clustering with general assignment constraints. Clustering is a fundamental data analysis
task that receives significant attention in various areas. In the (center-based) clustering problem, given as input a
metric space (X , d) and a finite point set P ⊆ X , the clustering cost is defined for a set of clustering centers C of
k points from X , and an assignment function σ : P ×C → R+ that assigns each data point p to the centers (such
that ∥σ(p, ·)∥1 = 1 which ensures the point p is fully assigned 1), as an ℓz aggregation (z ≥ 1) of the distances
from the data points to the centers C weighted by σ, i.e.,

(1.1) costσz (P,C) :=
∑
x∈P

∑
c∈C

σ(x, c) · (d(x, c))z.

The goal of the clustering problem is to find a center set C and assignment σ that minimizes the clustering cost. If
there is no additional constraint on σ, then it is optimal to assign the data points to the (unique) nearest center,
which is the case of vanilla (k, z)-Clustering. However, the general formulation above allows a point to be
assigned fractionally to multiple centers (which is sometimes called soft clustering) if we impose some additional
constraint on σ.

General Assignment Constraints In this paper, we introducing the general assignment constraints, which
impose various constraints on the assignment function σ. The formal definition can be found in Section 2. The
general assignment constraint is very general and unifies several important clustering problems as follows:

1. Capacitated clustering: The problem is an important class of constrained clustering problems and has been
studied extensively (see e.g., [CGTS02, LSS12, CHK12, Li16]). In this problem, we impose a capacity upper
bound on every center c ∈ C, i.e., ∥σ(·, c)∥1 ≤ uc.

1Here, for some function of the form σ : X ×Y → R≥0, we write σ(x, ·) as the vector u ∈ RY such that ∀y ∈ Y , uy = σ(x, y). The

notation σ(·, y) is defined similarly.
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2. Fair clustering: Recently, a group-membership fairness definition, called fair clustering, has received
significant interest [CKLV17, BCFN19, BIO+19]. Each point has a color indicating its group membership,
and we need to find an assignment subject to the constraint that each cluster has each color represented
within some pre-specified proportions.

3. Clustering with outliers: In some application domains, some data points may be regarded as outliers
and does not need to be clustered. The problem has also been studied extensively for various objectives
[CKMN01, Che08, GKL+17, SRF20, BK18, MNP+14]. This can be captured by imposing total capacity
constraints ∥σ(·, ·)∥1 = n−m (i.e., the number of outliers is m) and ∥σ(p, ·)∥1 ≤ 1 for every point p.

4. Fault-tolerant clustering: Another significant extension of clustering is the fault tolerant clustering problem,
which requires each point to be assigned to at least l centers (l ≥ 1) (see e.g., [KPS00, SS08, HHL+16]).
This can be captured by the assignment structure constraints which requires that the vector σ(p, ·) lies in a
constrained convex set B =

{
x ∈ ∆k : xi ≤ 1

l ,∀i ∈ [k]
}
.

Coresets We focus on coresets for constrained clustering with general assignment constraints. Roughly
speaking, an ε-coreset S is a tiny proxy of the data set P , such that the cost evaluated on both S and P are
within (1±ε) factor for all potential centers C and assignments satsifying assignment constraints. The coreset is a
powerful technique that can be used to compress large datasets, speed up existing algorithms, and design efficient
approximation schemes [CL19, BFS21, BJKW21a]. The concept of coreset has also found many applications in
modern sublinear models, such as streaming algorithms [HM04], distributed algorithms [BEL13] and dynamic
algorithms [HK20], by combining it with the so-called merge-and-reduce framework [HM04].

The study of coreset size bounds for clustering has been very fruitful, especially the case of vanilla (k, z)-
Clustering (i.e., without constraints). A series of works focus on the Euclidean spaces [HM04, HK07, FL11,
FSS20, SW18, HV20, CSS21, CLSS22] and near-optimal size bounds have been obtained in more recent works
for k-Median and k-Means [CSS21, CLSS22, CALS+22, HLW24]. Recently, coreset size bounds in small
dimensional Euclidean spaces have also been investigated [HHHW23]. Going beyond Euclidean spaces, another
series of works provide coresets of small size in other types of metrics, such as doubling metrics [HJLW18, CSS21]
and graph shortest-path metrics [BBH+20, BJKW21a]. More interestingly, throughout the line of research,
various fundamental techniques have been proposed, including importance sampling [FL11, FSS20] which can
be applied to several problems including clustering, and a more recently developed hierarchical sampling
framework [Che09, CSS21, BCJ+22] that employs uniform sampling in a novel way.

Coreset for Constrained Clustering Unfortunately, coresets for constrained clustering has been less
understood. In particular, only the capacity constraints were considered, and the research focus was on coresets
for fair clustering [CKLV17] and capacitated clustering [CGTS02]. Earlier works [SSS19, HJV19, CL19, BFS21]
achieved coresets of size either depending on n or exponential in d (which is the Euclidean dimension). Recently, a
breakthrough was made in [BCJ+22] where the first coresets for both fair and capacitated k-Median in Euclidean
Rd with size poly(kε−1) were obtained, via an improved hierarchical uniform sampling framework. The framework
has also been adapted to the outlier setting in a more recent work [HJLW23]. This framework certainly provides a
good starting point, but several fundamental issues still remain. One issue is that coresets obtained through this
framework are still somewhat ad-hoc, and it is unclear if the result can be adapted to more general assignment
constraints such as the aforementioned structure constraints, and/or other metrics such as graph shortest-path
metrics. Indeed, a perhaps more fundamental question is that, a systematic characterization of what types of
assignment constraints allow small coresets, is still missing in the literature. In addition, the framework and
analysis in [BCJ+22] only lead to poly(kε−1) size bound with high degree polynomial, which is also sub-optimal.

1.1 Our Contributions Our main contribution is two-fold. (1) We propose a very general model of assignment
constraints (including capacity constraint, outliers constraint, and the aforementioned structure constraint), and
provide a characterization of families of assignment constraints that admit small coresets. (2) Our new analysis
leads to improved coreset size upper bounds, even for the important cases of fair/capacitated clustering and
clustering with outliers (without additional structure constraints), achieving state-of-the-art bounds for these
problems. Next, we discuss our contributions in more detail.

A General Model of Assignment Constraints Our new model for the assignment constraints, called
the general assignment constraints, is a combination of three types of constraints on the assignment function
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σ(·, ·): (1) the assignment structure constraint (see Definition 2.3) which is a new notion proposed in this work,
(2) the standard capacity constraint (Definition 2.1) that constrains the total weight assigned to each center, and
(3) the total capacity constraint (Definition 2.2), which can be used to capture the number of outliers. The new
structure constraint (Definition 2.3) specifies a convex body B ⊆ ∆k where ∆k := {x ∈ Rk

≥0 : ∥x∥1 = 1} is the
k-dimensional simplex, and it requires that for every point p the assignment vector σ(p, ·) must lie in B. Note that
the case B = ∆k corresponding to the standard constraint that a point is fully assigned to the centers. We focus
on the well-known cases for convex body B, such as matroid basis polytopes and knapsack polytopes. Indeed,
these types of B are already general enough to capture many of the above-mentioned constraints, including the
fault-tolerance constraint (in which case B =

{
x ∈ ∆k : xi ≤ 1

l ,∀i ∈ [k]
}
). See Definition 2.3 and the subsequent

discussions. In addition, to capture the outliers in clustering, we introduce the total capacity constraint which
requires ∥σ∥1 = n−m (i.e., the number of outliers is m).

Main Theorem In our main theorem (Theorem 1.1), we show that a small coreset exists, as long as the
structure constraints have bounded complexity Lip(B) = Ok(1) (see Definitions 3.2 and 3.3), which only depends
on the convex body B, and the covering exponent Λε(X ) (see Definition 3.4) can be bounded by a number that
is independent of n. Hence, the main theorem systematically reduces the problem of constructing coresets of size
poly(kε−1), to the mathematical problems of bounding the parameters Lip(B) and Λε(X ). The parameter Lip(B)
is new, and is defined as the Lipschitz constant of a certain transportation procedure inside the convex body B.
On the other hand, the covering exponent Λε(X ) (also known as the log covering number or the metric entropy)
of metric space (X , d) is closely related to several combinatorial dimension notions, such as the VC-dimension and
the (fat) shattering dimension of the set system formed by all metric balls which have been extensively studied in
previous works, e.g. [LS10, FL11, FSS20, HJLW18, BJKW21a]. Bounds for Λε(X ) are known for multiple metric
spaces, including Euclidean metrics, doubling metrics, general discrete metrics, and shortest-path metrics (see
Remark 1). Now, we state our main theorem.

Theorem 1.1. (Informal; see Theorem 3.1) We consider (k, z)-Clustering with capacity upper/lower
bound constraint for each center, assignment structure constraint for each point (specified by convex body B ⊆ ∆k),
and a total capacity constraint ∥σ∥1 = n −m (i.e., m outliers). For any 0 < ε < 1, there is a near linear-time
algorithm that computes an ε-coreset of size O(m) + Õz(Lip(B)2 · (Λε(X ) + k + ε−1) · k2ε−2z). 2

Moreover, if there is no additional structure constraint (i.e., B = ∆k), the coreset size bound can be improved
to O(m) + Õz((Λε(X ) + ε−1) · k2ε−2z).

We provide an overview of the proof in Section 3.1, and the complete proof appears in Section 3. The theorem is
general and provides improved coreset size bounds for a variety of constrained clustering problems. Unlike many
previous works that use ad-hoc methods to deal with constraints in specific metric spaces (such as Euclidean
Rd) [SSS19, HJV19, CL19, BFS21, BCJ+22], we completely decouple the parameter of constraints Lip(B) and the
complexity Λε(X ) of the metric space, so that they can be dealt with independently. Moreover, our coreset size
bound is optimal (up to constant factor) in the dependence of m, due to an Ω(m) lower bound for coresets for
clustering with m outliers [HJLW23], and the dependence in k and ε improves over the bounds in [BCJ+22] by
a factor of kε−z (which works for only the capacity constraint). Hence, even without any constraint on B, i.e.,
B = ∆k where we have Lip(B) = 1, and only considering the capacity constraints, we can already obtain several
new/improved coreset results, by simply using known bounds of Λε(X ) (see Remark 1). We list more concrete
implications of our general theorem, which can be found at the end of this section and Table 1.

New Coreset Results and Improved Bounds We list several notable results followed by our main
theorem (Theorem 1.1), using new or existing upper bounds on Lip(B) and Λε(X ). Also, see Table 1 for a
summary.

• Coresets for fair/capacitated clustering with outliers under various metrics. This corresponds to the case
B = ∆k and Lip(B) = 1. We take capacitated clustering as an example. In the context of fair clustering, the
coreset size includes an additional factor Γ compared to that of capacitated clustering. For metric spaces with
bounded doubling dimension, shortest-path metrics of planar graphs, or more generally graphs that exclude
a fixed minor, the covering exponent Λε(X ) can also be bounded independent of n (see Remark 1). Hence,
we obtain the first O(m + poly(kε−1))-sized coreset of capacitated k-Median with m outliers under the

2Throughout, the notation Õz(f) hides factors poly log f and 2poly(z)
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Variants of constrained clustering in Rd Prior results Our results

(k, z)-Clustering with outliers O(m) + Õ(k3ε−3z−2) [HHHW23] O(m) + Õ(k2ε−2z−2)

Capacitated (k, z)-Clustering
without outliers

O(k2ε−3 log2 n) (z = 1) [CL19]

Õ(k3ε−6) (z = 1) [BCJ+22]

O(k5ε−3 log5 n) (z = 2) [CL19]

poly(k, ε−1) (z = 2) [BCJ+22]

Õ(k2ε−2z−2)

with outliers / O(m) + Õ(k2ε−2z−2)

Fair (k, z)-Clustering
without outliers

O(Γk2ε−3 log2 n) (z = 1) [CL19]

Õ(Γk3ε−6) (z = 1) [BCJ+22]

O(Γk5ε−3 log5 n) (z = 2) [CL19]

Γ · poly(k, ε−1) (z = 2) [BCJ+22]

Õ(k2ε−2z−2)

with outliers / O(Γm) + Õ(Γk2ε−2z−2)

Fault-tolerant (k, z)-Clustering
without outliers / Õ(k2ε−2z(k + ε−2))

with outliers / O(m) + Õ(k2ε−2z(k + ε−2))

Table 1: Comparison of the state-of-the-art coreset sizes and our results for different variants of constrained (k, z)-
Clustering in Euclidean spaces Rd. The factor Γ in fair clustering denotes the number of distinct collections
of groups that a point may belong to; also see Claim 1. We assume that z ≥ 1 is a constant and ignore 2O(z) or
zO(z) factors in the coreset size, and also ignore the logarithmic terms in Õ(·).

above metric spaces. Previously, for capacitated clustering, even without outliers, coresets of size poly(kε−1)
are known only for Euclidean k-Median [BCJ+22]3 and our size bound is already better by a factor of kε−2

for this special case (e.g., the bound in [BCJ+22] for capacitated k-Median is Õ(k3ε−6) and our bound is
Õ(k2ε−4)). Our result also generalizes the recent work [HJLW23] which provides coresets for clustering with
outliers (but cannot handle e.g., fairness constraints). Our bound also achieves a tight linear dependence in
m, and the other term is a factor of kε−z better (the bound in [HJLW23] is O(m) + Õ(k3ε−3z−2) and our
new bound is O(m) + Õ(k2ε−2z−2) in this setting).

• Coresets for fault-tolerant clustering. In fault-tolerant clustering, we require each point to be assigned to
at least l ≥ 1 centers. In this case, B = {x ∈ ∆k : xi ≤ 1/l,∀i ∈ [k]} is a (scaled) uniform matroid basis
polytope. By Theorem 4.2, Lip(B) is bounded by 2 since uniform matroid is a laminar matroid of depth 1.
Hence, we obtain the first coreset of size poly(kε−1) for the fault-tolerant k-median in Euclidean space (and
other metric spaces with bounded covering exponents).

• Coresets for clustering with more general fault-tolerance requirements. In the variant of clustering defined
in [BDHR05], suppose the points are partitioned into several groups based on some geographical regions.
The goal is to choose k centers subject to the constraint that ki center are chosen from the i-th group
(
∑

i ki = k). In addition, it is required that each point is connected to centers in at least l different groups.
For this variant, B corresponds to a Laminar matroid basis polytope of depth 2 (see the discussion after
Definition 2.3), and by Theorem 4.2, Lip(B) is bounded by 3. Hence, we obtain the the first coreset of size
poly(kε−1) for this clustering problem.

• Simultaneous coresets. As another corollary of the main theorem, we obtain coresets that hold simultane-
ously for a set of m structure constraints, which only requires enlarging the coreset by a logm factor (see
Appendix A). This is particularly useful when the parameter B is to be picked from a family that is not
known in advance and is subject to experiment. In this scenario, the same coreset can be re-used, which
avoids recomputing a new coreset every time a new B is tested.

Upper Bound of Lip(B) when B is Matroid Basis Polytope In light of Theorem 1.1, one can
see that proving upper bound of Lip(B) is crucial for bounding the coreset size. In fact, one can easily
construct polytope B, which is simply defined by some linear constraints, such that Lip(B) is unbounded
(See Section 4). In this paper, we focus on an important class of polytopes, called matroid basis polytopes
(see e.g., [Sch03]). A matroid basis polytope is the convex hull of all 0/1 indicator vectors of the basis of a
matroid. Matroids generalize many combinatorial structures and are popular ways to model the structure of an

3We remark that Braverman et al. [BCJ+22] also provided coresets for various metric spaces, but only for vanilla clustering. For

constrained clustering (such as fair/capacitated clustering), only Euclidean Rd was considered and it turns out to be nontrivial to
generalize to other metrics. See Section 3.1 for a more detailed discussion.
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assignment/solution in various contexts, such as online computation [BIK07, BIKK18], matching [Law01, LSV13],
diversity maximization [AMT13] and variants of clustering problems [CLLW16, KKN+11, KKN+15, Swa16]. For
a general matroid basis polytope B, we prove Lip(B) ≤ k − 1 (see Theorem 4.1). We also provide an improved
Lip(B) ≤ ℓ+ 1 bound for the special case of laminar matroids of depth ℓ (see Theorem 4.2). This readily implies
coresets of size poly(kε−1) for any general assignment constraints with a matroid basis polytope B, under various
types of metric spaces.

1.2 Related Work Approximation algorithms have been extensively studied for constrained clustering
problems. We focus on the k-median case for several notable problems in the following discussion. For fair
k-median, [BCFN19] provided a bi-criteria O(1)-approximation in general metric spaces, but the solution may
violate the capacity/fair constraint by an additive error. [BIO+19] gave O(log n)-approximation without violating
the constraints in Euclidean spaces. For capacitated k-median, O(1)-approximation were known in general metrics,
but they either need to violate the capacity constraint [DL16, BRU16] or the number of centers k [Li17, Li16]
by a (1 + ε) factor. Both problems admit polynomial-time algorithms that have better approximation and/or no
violation of constraints when k is not considered a part of the input [ABM+19, CL19, FZH+20, BFS21]. For fault-
tolerant k-median, a constant approximation was given in [SS08], and O(1)-approximation also exists even when
the number of centers that each data point needs to connect can be different[HHL+16]. Finally, we mention a
variant of clustering called matroid k-median which also admit O(1)-approximation in general metrics [KKN+11].
In this problem, a matroid is defined on the vertices of the graph, and only the center set that form independent
sets may be chosen. While this sounds different from the constraints that we consider, our coreset actually
captures this trivially since our coreset preserves the cost for all centers (not only those that form independent
sets).

Apart from constrained clustering, coresets were also considered for clustering with generalized objectives (but
without constraints). Examples include projective clustering [FL11, FSS20, TWZ+22], clustering with missing
values [BJKW21b], ordered-weighted clustering [BJKW19] and clustering with panel data [HSV21].

1.3 Technical Overview Our approach is a generalization and improvement over a recent hierarchical uniform
sampling framework developed in [BCJ+22]. Our contribution is two-fold: 1) We improve the coreset size of the
framework of [BCJ+22], even without the new assignment structure constraints (i.e., in the same setting as
in [BCJ+22]), and this is achieved by employing a new adaptive sampling step; 2) We incorporate the additional
assignment structure constraints into the framework, which can handle more general clustering problems such as
fault-tolerant clustering.

Size Improvement At a high level, the framework of [BCJ+22] decomposes the dataset P into disjoint
rings R, and takes a uniform sample SR on every ring with a uniform size. This uniform size bound on
rings directly affects the size of the coreset, and our idea is to improve this sample size for rings. As
observed in [BCJ+22], this simple uniform sampling is very powerful and can preserve the coreset error
| costz(R,C,∆k, h)− costz(SR, C,∆k, h)| incurred on the ring R, for every center set C ⊂ Rd and every capacity
constraint h, by charging to a certain additive error err(R) that only depends on R (Inequality (3.6)). This
charging is worst-case optimal over the choice of C, and hence, we cannot expect to improve the error analysis for
a single ring. However, we find that such additive error err(R) is only incurred when the ring R is “close enough”
to center set C, while the number of such rings is always small (say Õ(k)) for every choice of C (Lemmar 3.2).
This novel geometric observation enables us to adaptively tune the sample size for each ring, which leads to a
bounded total error of rings (Lemma 3.3) and significantly improves the coreset size.

Handling Assignment Structure Constraints To handle the assignment structure constraints, the main
technical step is still to bound the coreset error | costz(R,C,B, h)− costz(SR, C,B, h)| incurred on a ring R. As a
central step, we need to show it is possible to modify the optimal assignment from R to C, to an assignment from
SR to C, with small additional cost subject to the constraint B. We reduce the problem of bounding the extra
cost of such conversion to a so-called optimal assignment transportation (OAT) problem, which aims to bound
the total transportation cost from a given assignment σ to any assignment σ′ that is consistent with (B, h′). We
define a new notion Lip(B) as the universal upper bound of the OAT cost, and prove nontrivial upper bounds of
Lip(B) for various polytopes, including the general matroid basis polytopes (Theorem 4.1), and laminar matroid
polytopes with a better bound (Theorem 4.2). These bounds imply that our algorithm produces coreset for fault-
tolerant clustering and even more general assignment structure constraints. Bounding Lip(B) for other convex
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set B, as well as the efficient computation of it (which we do not need) may be of independent interest for future
research.

2 Modeling and Definitions

Throughout, we are given an underlying metric space (X , d), integer k ≥ 1, constant z ≥ 1, and precision
parameter ε ∈ (0, 1). For integer n ≥ 1, let [n] := {1, . . . , n}. For a function σ : X × Y → R, for i ∈ X
we write σ(i, ·) as the vector ui ∈ RY such that ui(j) := σ(i, j), and define σ(·, j) similarly. We say σ is an
assignment function if ∥σ(i, ·)∥1 ≤ 1 for every point i ∈ X. Sometimes, we also interpret σ as a vector in RX×Y ,
so ∥σ∥1 =

∑
i∈X,j∈Y |σ(i, j)|. 4 We use ∆k to denote the simplex {x ∈ Rk

≥0 : ∥x∥1 = 1}. Given a point a ∈ X
and a radius r > 0, we define Ball(a, r) := {x ∈ X , d(x, a) ≤ r} to be the ball of radius r centered at a. Moreover,
for two positive real numbers r1, r2 > 0, define ring(a, r1, r2) := Ball(a, r2) \ Ball(a, r1). Throughout this paper,
we assume there exists an oracle that answers d(p, q) in O(1) time for any p, q ∈ X .

2.1 General Assignment Constraints We consider three types of assignment constraints in clustering
literature: (1) capacity constraints on cluster centers and (2) assignment structure constraints on σ(p, ·) for
points p, and (3) total capacity constraints which can capture outliers in clustering.

First, we model the capacity constraints in a way similar to previous works [HJV19, CL19, BFS21, BCJ+22].
We simply consider a vector h ∈ Rk

≥0 (k is the number of centers), and require that the mass assigned to each
center c equals hc.

Definition 2.1. (Capacity constraint) Given a set C of k centers, a capacity constraint can be specified by
a vector h ∈ RC

≥0. We say an assignment function σ : P × C → R≥0 is consistent with h, denoted as σ ∼ h, if

∥σ(·, c)∥1 = hc for every center c ∈ C, which means the total assignment to a center c is exactly hc.
5 Equivalently,

we can write
∑

p σ(p, ·) = h (both sides are k-dimensional vectors).

The above capacity constraint consists of equality constraints, which seem different from inequality constraints
for capacitated clustering or fair clustering. However, we can show that capacitated clustering and fair clustering
can be captured by such equality constraint; see Section 2.3 (Claims 1 and 2) for the detailed reductions. In
addition, we further allow the total capacity to be less than the total weight n, and this is useful for dealing with
outliers in clustering.

Definition 2.2. (Total capacity constraint) Given an integer 0 ≤ m ≤ n, we can impose a total capacity
constraint of the form ∥σ∥1 = ∥h∥1 = n−m. In an integral assignment, the total capacity constraint says that we
can exclude m points as outliers.

In fact, if the capacity vector h ∈ Rk
≥0 is given, the total capacity constraint is already determined by h. Due to

the special meaning of m (i.e., the number of outliers), we make this parameter explicit and we will introduce
new ideas to analyze the m > 0 case in Lemmas 3.3 and 3.4.

On the other hand, an assignment structure constraint concerns the range of the assignment vector
σ(p, ·) for each point p. We model an assignment structure constraint by a convex body B ⊆ ∆k, where

∆k :=
{
x ∈ Rk

≥0 :
∑

i∈[k] xi = 1
}
denotes the simplex in Rk.

Definition 2.3. (Assignment structure constraint) Given convex body B ⊆ ∆k, we say an assignment
function σ : P × C → R≥0 is consistent with B, denoted as σ ∼ B, if

σ(p, ·) ∈ B for every p ∈ P.

We define Bo as B ∪ {0} (0 is used to capture the assignment for the outlier). Given that ∥σ(p, ·)∥1 ≤ 1, we can
infer that σ(p, ·) ∈ conv(Bo) as per the definition above.

We list a few examples of assignment structure constraints as follows.

4Here, we abuse the notation by using σ ∈ RX×Y to represent a vector instead of a matrix such that ∥σ∥1 is well defined.
5We require the capacity to be exactly hc instead of placing a lower and/or upper bound, since we would preserve the cost for all

h simultaneously in our coreset. See Definition 2.4.
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1. B =
{
x ∈ ∆k : xi ≤ 1

l ,∀i ∈ [k]
}

for some integer l ∈ [k]. If l = 1, B = ∆k, and in this case a point is
assigned to its nearest center. If l > 1, the cheapest way to assign p is to connect it to the l nearest centers,
which captures fault-tolerant clustering. Such fault-tolerant constraints have been studied extensively in a
variety of clustering problems [KPS00, SS08, HHL+16].

2. B is a (scaled) matroid basis polytope. This is a significant generalization of the above constraint which
corresponds to a uniform matroid polytope. Motivated by the clustering variants studied in [BDHR05,
ZG03, BRS08], we consider more advanced fault-tolerance requirements, which can be captured by laminar
matroid basis polytope. For example, suppose P1, . . . , Pg is a partition of [k] such that |Pj | = kj (thus∑

j kj = k). Consider the partition matroid polytope B =
{
x ∈ ∆k :

∑
i∈Pj

xi ≤ 1
l ,∀j ∈ [g],

∑
i xi = 1

}
.

This captures the clustering problem with advanced fault-tolerant constraints.

General Assignment Constraints: In this paper, we consider the case where all points p are subject to the
same assignment structure constraint B. When an assignment function σ satisfies both capacity constraint h and
assignment structure constraint B, we denote it as σ ∼ (B, h), and call it a general assignment constraint. Given
a general assignment constraint (B, h), we define the cost of center set C for point set P as

(2.2) costz(P,C,B, h) := min
σ∼(B,h)

costσz (P,C).

That is, for the center set C, the cost is computed via the min-cost assignment σ that is consistent with both
constraints B and h.

2.2 Coresets for Clustering with General Assignment Constraints In our paper, a coreset S ⊂ P is a
weighted subset with weight wS(·) : S → R≥0. In particular, the weight should satisfy wS(S) :=

∑
p∈S wS(p) = n.

We need to extend the general assignment constraint to handle weighted points. In particular, for a point set
S with weight wS(·), if we require a point p fully assigned, the corresponding constraint is ∥σ(p, ·)∥1 = wS(p).
For a center set C and a capacity constraint h, the capacity and total capacity constraints are the same: we still
require that

∑
p σ(p, ·) = h and ∥σ∥1 = ∥h∥1 = n − m. For the assignment structure constraint, given convex

body B ⊆ ∆k, we say an assignment function σ : P × C → R≥0 is consistent with B, denoted as σ ∼ B, if
σ(p, ·) ∈ wS(p) · B for every p ∈ S (note that this implies ∥σ(p, ·)∥1 ≤ wS(p)).

Now, we provide the definition of coreset for our problem.

Definition 2.4. (Coreset) For a dataset P ⊆ X of size n, an outlier number 0 ≤ m ≤ n and an assignment
structure constraint B, an (ε,B,m)-coreset for clustering with general assignment constraints is a (weighted) set
S ⊆ P that satisfies

(2.3) ∀C ∈ X k, h ∈ (n−m) · B, costz(S,C,B, h) ∈ (1± ε) · costz(P,C,B, h),

where costz(P,C,B, h) is defined as in (2.2).

Note that for coreset S, the cost costz(S,C,B, h) is also computed according to (2.2), with the understanding of
σ ∼ (B, h) defined for weighted points. The coreset guarantee states that (2.3) should hold for all capacity vectors
h ∈ (n−m) · B. Requiring h ∈ (n−m) · B is necessary since we only need to focus on feasible capacity vector h
for which there exists σ such that σ ∼ (h,B).6

2.3 Handling Capacitated and Fair Clustering It is important to note that our notion of coreset preserves
the cost for all centers C and all feasible capacity constraints h simultaneously, and for an assignment structure
constraint B given in advance. Hence, as also noted in previous works [BFS21, BCJ+22], the guarantee that
the cost is preserved for all h simultaneously implies that such a coreset simultaneously captures all types of
upper/lower bound capacity constraints of the form ℓc ≤ ∥σ(·, c)∥1 ≤ uc; summarized by the following claim.

Claim 1. (Capacitated Clustering) Consider the (k, z)-Clustering problem with capacity upper/lower
bound constraint for each center c of the form ℓc ≤ ∥σ(·, c)∥1 ≤ uc, assignment structure constraint B ⊆ ∆k,

6To see this, note that we require σ(p, ·) ∈ n−m
n

· B, hence h =
∑

p∈P σ(p, ·) ∈ (n−m) · B.
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and a total capacity constraint ∥σ∥1 = n−m. An (ε,B,m)-coreset S is an ε-coreset for this constrained clustering
problem, i.e., for any center set C ∈ X k,

min
σ: ∥σ∥1=n−m,σ∼B
ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (S,C) ∈ (1± ε) · min
σ: ∥σ∥1=n−m,σ∼B
ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (P,C).

Proof. The proof can be found in Appendix B.1.

This claim implies that we do not need to specify capacity upper/lower bounds in the definition of our coreset.
Similarly, the following claim shows that our coreset works for fair clustering via a reduction of [HJV19,

Theorem 4.2]. Recall that in the fair clustering problem, there are s groups G1, . . . , Gs ⊆ P (groups can be
non-disjoint). We constrain that the proportion of points from a group Gj contained in a cluster centered at c,
|σ−1(c)∩Gi|

|σ−1(c)| , has a group-wise upper bound ui and lower bound ℓi with 0 ≤ ℓi ≤ ui ≤ 1.

Claim 2. (Fair Clustering) Let P ⊆ X be a dataset and G1, . . . , Gs ⊆ P be s groups (groups can be non-
disjoint). We denote Gp = {j ∈ [s] : p ∈ Gj} to be the collection of groups that point p ∈ P belongs to, and let
Γ := |{Gp : p ∈ P}| denote the number of distinct Gp’s. Consider the (k, z)-Clustering problem with fairness

upper/lower bound constraint for each group Gi and each center c of the form ℓi ≤ |σ−1(c)∩Gi|
|σ−1(c)| ≤ ui, and a total

capacity constraint ∥σ∥1 = n −m. Suppose there exists S of size at most A, which is an (ε,∆k,m
′)-coreset for

clustering with general assignment constraints for all 0 ≤ m′ ≤ m. Then there exists an ε-coreset of size at most
ΓA for this fair clustering problem with outliers, i.e., for any center set C ∈ X k,

min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (S,C) ∈ (1± ε) · min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (P,C).

Proof. The proof can be found in Appendix B.2.

Intuitively, we begin by partitioning the set P into Γ subsets P1, . . . , PΓ, where each subset Pj consists of points
p sharing the same group label Gp = Gj . Let h(j) denote the capacity vector constrained to subset Pj . For every
i ∈ [s] and c ∈ C, we can establish that

|σ−1(c)| =
Γ∑

j=1

h(j)c and |σ−1(c) ∩Gi| =
Γ∑

j=1

I [i ∈ Gj ] · h(j)c ,

where I [·] is the indicator function. Thus, the capacity vectors h(1), . . . , h(Γ) determine whether an assignment
satisfies fairness constraints, allowing us to represent fairness constraints through a set of capacity constraints on
h(1), . . . , h(Γ). This reduction approach introduces an additional factor Γ in the size of the coreset.

The claim indicates that the coreset size for fair clustering only contains an additional multiplicative factor Γ.
Different from Claim 1, we do not handle assignment structure constraints and fairness constraints simultaneously
since the reduction of [HJV19, Theorem 4.2] relies on a decomposition of dataset P into Γ pieces while it is
unknown how to decompose assignment constraints accordingly. By our coreset construction (Algorithm 1), if S
is an (ε,∆k,m)-coreset, then S is always an (ε,∆k,m

′)-coreset for all 0 ≤ m′ ≤ m. Thus, combining with our
coreset results for capacitated clustering, Claim 2 leads to the results for fair clustering in Table 1.

Throughout, our goal is to obtain an (ε,B,m)-coreset for fixed B and m. If the context is clear, we also use
the shorthand ε-coreset in replacement of (ε,B,m)-coreset.

3 Coresets for Clustering with General Assignment Constraints

Before stating our main theorem, we first introduce a special case, the (k, z)-Clustering with m outliers
problem. The (k, z)-Clustering with m outliers problem is the (k, z)-Clustering problem with a total
capacity constraint ∥σ∥1 = n −m, and the goal is to find a a center set C⋆ ∈ X k and an assignment function
σ⋆ : P × C → R≥0 with ∥σ⋆∥1 = n−m that solve the following problem:

min
C∈Xk,σ:∥σ∥1=n−m

costσz (P,C).
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The problem reduces to vanilla (k, z)-Clustering when m = 0. Similar to prior studies on this problem
[BCJ+22, HJLW23], we need to introduce a tri-criteria approximation algorithm for (k, z)-Clustering with m
outliers for constructing coresets.

Definition 3.1. ((α, β, γ)-Approximation for (k, z)-Clustering with m outliers) Let P ⊂ Rd be a dataset
and α, β, γ ≥ 1 be constants. An (α, β, γ)-approximation of P for (k, z)-Clustering with m outliers is a

center set C⋆ ⊂ Rd of size at most βk such that cost
(γm)
z (P,C) ≤ α · OPTk,z,m(P ), where cost

(m)
z (P,C) :=

minσ:∥σ∥1=n−m costσz (P,C) and OPTk,z,m denotes the optimal value of (k, z)-Clustering with m outliers.

Please refer to [HJLW23, Appendix A] for more discussions of such approximation algorithms. For instance, a
(2O(z), O(1), O(1))-approximation can be constructed in near-linear time [BVX19].

Now, we are ready to state our main theorem.

Theorem 3.1. (Coresets for clustering with general assignment constraints) Let (X , d) be a metric
space, k ≥ 1,m ≥ 0 be integers, and z ≥ 1 be a constant. Let ε, δ ∈ (0, 1) and B ⊆ ∆k be a convex body
specifying the assignment structure constraint. There exists a randomized algorithm that given a dataset P ⊆ X
of size n ≥ 1 and an (2O(z), O(1), O(1))-approximation C⋆ ∈ X k of P for (k, z)-Clustering with m outliers,
constructs an (ε,B,m)-coreset for (k, z)-Clustering with general assignment constraints of size

O(m) + 2O(z log z) · Õ(Lip(B)2 · (Λε(X ) + k + ε−1) · k2ε−2z) · log δ−1,(3.4)

in O(nk) time with probability at least 1− δ, where Lip(B) is the Lipschitz constant of B defined in Definition 3.3,
Λε(X ) is the covering exponent of X defined in Definition 3.4, and Õ hides a poly log(Lip(B) ·Λε(X ) ·kε−1) term.
Moreover, when B = ∆k (in this case, Lip(B) = 1), the coreset size can be further improved to

O(m) + 2O(z log z) · Õ((Λε(X ) + ε−1) · k2ε−2z) · log δ−1.(3.5)

Our theorem provides the first coreset construction for capacitated and fair (k, z)-Clustering with m outliers,
improves the previous coreset size for capacitated/fair/robust (k, z)-Clustering by at least a factor of kε−z,
and establishes the first coreset construction for fault-tolerant clustering in various metric spaces; see “Notable
Concrete Results” in Section 1.1 for more details.

For ease of analysis, we assume the given dataset P is unweighted. This assumption can be removed by a
standard process of scaling the point weights to large integers,7 and treating each weight as a multiplicity of a
point; details can be found in [CSS21, Corollary 2.3] and [CLSS22, Section 6.1]. By this theorem, the coreset
size is decided by the Lipschitz constant Lip(B) and the covering exponent Λε(X ). If both Λε(X ) and Lip(B) are
independent of n, e.g., upper bounded by poly(k, ε−1), our coreset size is at most poly(k, ε−1). When there are
no structure constraints (B = ∆k and Lip(B) = 1), we highlight that the coreset size in Equation (3.5) is better
than that in Equation (3.4), by reducing the factor of (Λε(X ) + k + ε−1) to (Λε(X ) + ε−1).

The coreset construction algorithm of Theorem 3.1 is shown in Section 3.2, and the proof of Theorem 3.1
can be found in Section 3.3. Now we provide the formal definitions of Lip(B) and Λε(X ) that appear in the
statement of Theorem 3.1. We discuss the Lipschitz constant Lip(B) in Section 4, and show how to bound Λε(X )
in Section 5.

Lipschitz constant Lip(B). We first define optimal assignment transportation (OAT). Since this notion
may be of independent interest, we present it in a slightly abstract way and we explain how it connects to our
problem after the definition. Then, the key notion Lip(B) is defined (in Definition 3.3) as the Lipschitz constant
of this OAT procedure.

Definition 3.2. (Optimal assignment transportation) Given a convex body B ⊆ ∆k, two k-dimensional
vectors h, h′ ∈ B, and a function σ : [n] × [k] → R≥0 such that ∥σ∥1 = 1 and σ ∼ (B, h), the optimal
assignment transportation is defined as the minimum total mass transportation ∥σ − σ′∥1 from σ to σ′, over
functions σ′ : [n]× [k]→ R≥0 such that σ′ ∼ (B, h′) (see Definition 2.1, 2.3) and ∀p ∈ [n], ∥σ′(p, ·)∥1 = ∥σ(p, ·)∥1.
Namely,

OAT(B, h, h′, σ) := min
σ′∼(B,h′):

∀p∈[n],∥σ′(p,·)∥1=∥σ(p,·)∥1

∥σ − σ′∥1.

7We suppose all weights are rational numbers such that we can round them to integers. If not, we can always replace it with a
sufficiently close rational number such that the slight difference does not affect the clustering cost.
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To see how our problem is related to Definition 3.2, we view σ as an assignment function, and [n] and [k] are
interpreted as a data set P of n points and a center set C, respectively. Without loss of generality, we can assume
n = 1 by normalization, and the requirement ∥σ∥1 = n = 1 in Definition 3.2 is satisfied. In fact, we choose to use
[n] and [k] since the representation/identity of a point in the metric does not affect transportation; in other words,
OAT is oblivious to the metric space. The requirement of h, h′ ∈ B is to ensure the feasibility of OAT. Intuitively,
this OAT aims to find a transportation plan, that transports the minimum mass to turn an initial capacity vector
h into a target capacity vector h′. However, due to the presence of the assignment structure constraint B, not
all transportation plans are allowed. In particular, we are in addition required to start from a given assignment
σ ∈ B that is consistent with h, and the way we reach h′ must be via another assignment σ′ ∈ B (which we
optimize).

Definition 3.3. (Lipschitz constant of OAT on B) Let B ⊆ ∆k be a convex body. We define the Lipschitz

constant of OAT on B as Lip(B) := max h,h′∈B,
σ∼(B,h):∥σ∥1=1

OAT(B,h,h′,σ)
∥h−h′∥1

.

Note that Lip(B) ≥ 1 since
∑

p∈[n](σ(p, ·)− σ′(p, ·)) = h− h′. It is not hard to see that the Lipschitz constant is

scale-invariant, i.e., Lip(B) = Lip(c · B) for any B and c > 0.
Covering Exponent Λε(X ). We now introduce the notion of covering for all center points c ∈ X .

Furthermore, we also define a quantity called covering number to measure the size/complexity of the covering,
and we use a more convenient covering exponent to capture the worst-case size of the covering, which can serve
as a parameter of the complexity for the metric space.

Definition 3.4. (Covering, covering number and covering exponent) Let P ⊂ X be an unweighted set
of n ≥ 1 points and a ∈ X be a point. Let rmax = maxp∈P d(p, a) such that P ⊆ Ball(a, rmax). We say a collection
C ⊆ Ball(a, 48zrmaxε

−1) of points is an α-covering of P if for every point c ∈ Ball(a, 48zrmaxε
−1), there exists

some c′ ∈ C such that maxp∈P |d(p, c)− d(p, c′)| ≤ αrmax

12z .
Define NX (P, α) to be the minimum cardinality |C| of any α-covering C of P . Define the α-covering number

of X to be NX (n, α) := maxP⊆X :|P |=nNX (P, α), i.e., the maximum NX (P, α) over all possible unweighted sets P
of size n.

Moreover, we define the α-covering exponent of the metric space (X , d), denoted by Λα(X ), to be the least
integer γ ≥ 1 such that NX (n, α) ≤ O(nγ) holds for any n ≥ 2.

Roughly speaking, an α-covering C is an discretization of the continuous space of all possible centers within
Ball(a, 48zrε−1) of a large radius w.r.t. the ℓ∞-distance differences from points p ∈ P to c ∈ Ball(a, 48zrε−1).
For those center c /∈ Ball(a, 48zrε−1), we can verify that the distances between every point p ∈ P and c are very
close, i.e., dz(p, c) ∈ (1 ± ε) · dz(q, c) for any two points p, q ∈ P . This observation enables us to safely “ignore”
the complexity of these remote centers in coreset construction, and hence we only need to consider centers within
Ball(a, 48zrε−1).

Since |C| ≤ |X |, we have that the covering exponent Λα(X ) ≤ log |X |. This notion is closely related
to other combinatorial dimension notions such as the VC-dimension and the (fat) shattering dimension
of the set system formed by all metric balls which have been extensively considered in previous works,
e.g. [LS10, FL11, FSS20, HJLW18, BJKW21a]. We will show the relations between the covering exponent in
our setting and two well-studied dimension notions, the shattering dimension and the doubling dimension, in
Section 5.

3.1 Overview of the Proof of Theorem 3.1 We provide an overview of the proof of Theorem 3.1.

3.1.1 Improved Hierarchical Uniform Sampling Framework We take Euclidean k-Median as an
example, whose idea can be extended to (k, z)-Clustering via the generalized triangle inequality (Lemma 3.5).
The following analysis is for capacity constraints, which can be extended to general assignment constraints in
Section 3.1.2. For simplicity, we use cost to represent cost1.

Review: Hierarchical Uniform Sampling Framework [BCJ+22, HJLW23] We briefly review the
coreset algorithm in [BCJ+22] now. We first compute an O(1)-approximation C⋆ = {c⋆1, · · · , c⋆k} for the k-Median
problem and partition dataset P into k clusters P1, · · · , Pk. Then adopting the idea of [BCJ+22] (Theorem 3.2),
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we decompose every Pi into a collection Ri of Õ(kε−1) disjoint rings and a collection Gi of Õ(kε−1) disjoint
groups centered at c⋆i , and reduce the problem to constructing coresets for Ri and Gi (Theorem 3.2). To this end,
Braverman et al. [BCJ+22] takes a uniform sample SR on every ring R ∈ Ri with a uniform size Γ = Õ(kε−4) of
samples8 such that for every center set C ⊂ Rd and every capacity constraint h,

| cost(R,C, h)− cost(SR, C, h)| ≤ ε(cost(R,C, h) + cost(R, c∗i ));(3.6)

and construct a two-point coreset SG on every group G ∈ Gi. Later on, Huang et al. [HJLW23] showed this
framework also works for k-Median with m outliers (the only difference is that we need to compute an O(1)-
approximation C⋆ = {c⋆1, · · · , c⋆k} for the k-Median problem with m outliers in the first step). In previous work
[BCJ+22, HJLW23], it is unknown whether Inequality (3.6) still work if we allow m outliers.

New Idea: Adaptive Sample Sizes for Rings The main improvement of our algorithm (Algorithm 1)
compared to [BCJ+22, HJLW23] is a significant decrease in the number of samples for the rings. The key
observation is that we only need the total error of rings to be upper bounded, i.e.,

∑
R∈Ri

| cost(R,C, h)− cost(SR, C, h)| ≤ ε

( ∑
R∈Ri

cost(R,C, h)

)
+ ε cost(P, c∗i ),(3.7)

which is intuitively much easier to be satisfied than Inequality (3.6). Concretely, we regard Ri as a whole
instead of independent rings and focus on ensuring Inequality (3.7). This point of view enables us to adaptive
select the sample size ΓR for every ring R ∈ Ri (Line 6 of Algorithm 1), say ΓR = Õ(kε−4) · λR where
λR = cost(R, c∗i )/ cost(Pi, c

∗
i ) is the relative contribution of R to Pi. Then our coreset size is dominated by∑

i∈[k],R∈Ri
ΓR ≤ Õ(k2ε−4), saving a factor of kε−1 compared to that of [BCJ+22, HJLW23].

Handling Rings The most technical part is to show that Inequality (3.7) always holds by our construction,
and we introduce the ideas now. We remark that the estimation error | cost(R,C, h) − cost(SR, C, h)| of
R = ring(c⋆i , r, 2r) is likely to be decided by those centers c ∈ C that are both “not too far” from R and
“not too close” to c⋆i . This intuition motivates us to consider the number of “effective centers” to R, denoted
as the level tR(C) := |C ∩ ring(c⋆i ,

εr
48 ,

48r
ε )| of R w.r.t. C (Definition 3.6). The idea of excluding centers outside

B(c⋆i ,
48r
ε ) has been applied in [BCJ+22] to handle rings, and of excluding centers within B(c⋆i ,

εr
48 ) is new. An

immediate geometric observation is the following bound of the total level for any center set C ⊂ Rd (Lemma 3.2):∑
R∈Ri

tR(C) ≤ O(k log ε−1),(3.8)

due to the ring structure of Ri. This property is somewhat surprising since the positions of C seem to be arbitrary,
and is a key for our improvement. We remark that the analysis of [BCJ+22] simply bounds tR(C) by k, and
hence, leads to a bound

∑
R∈Ri

tR(C) ≤ Õ(k2ε−1), which is a factor of kε−1 larger than Inequality (3.8). This
factor also matches our improvement in the coreset size. Our key lemma (Lemma 3.3) shows that the estimation
error of R is “proportional to” tR(C) such that the total error is “proportional to”

∑
R∈Ri

tR(C), which is small
by the above observation.

Overall, our geometric observation of tR(C) (Inequality (3.8)) enables us to tolerant a larger estimation
error for every ring that is captured by λR, and the total estimation error is under control due to a combined
consideration of tR(C) and λR.

Handling Groups We expand upon the analysis presented in [HJLW23] for the k-Median problem with
m outliers, specifically addressing the inclusion of capacity constraints. A crucial geometric observation made in
[HJLW23] is that, in the context of any center set C ⊂ Rd, there are at most two “special uncolored groups”
which intersect the outliers in a partial manner. However, this property does not hold when considering capacity
constraints with outliers. Fortunately, we can overcome this limitation by dividing the groups into k equivalent
classes based on their corresponding remote centers (Lemma 3.14). Consequently, the number of special uncolored
groups is bounded by O(k), thereby achieving the desired error bound for the groups (Lemma 3.4).

8In their original paper, [BCJ+22] claims a bound Γ = Õ(kε−5) and in a follow-up work [HJLW23] it is shown that Õ(kε−4) is
already a sufficient choice
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Extension to General Metric Spaces We apply a high-level idea in [BCJ+22] to discretize the hyper-
parameter space X k×(|R| ·B) into a small number of representative pairs (Lemma 3.7), and show that the error is
preserved for every representative pair (C, h) with very high probability (using e.g., concentration bounds). Our
discretization of the center space X k directly relates to the covering exponent Λε(X ) of the metric space, which is
a complexity measure of general metric spaces, instead of a more geometric discretization based on the notion of
metric balls which are more specific to Euclidean spaces. Notably, this feature enables us to handle capacitated
and fair clustering on any metric that admits a small shattering dimension or doubling dimension, while the
analysis of [BCJ+22] is specific to metric space with bounded doubling dimension due to the requirement of the
existence of a small ε-net.

3.1.2 Handling Assignment Structure Constraints Next, we provide some explanations on why the
algorithm can handle assignment structure constraints. We discuss rings and show how the additional term
Lip(B) appears in the coreset size. More detailed analysis for rings and groups can be found in Sections 3.4 and
3.5, respectively.

Complexity Measure of Assignment Structure Constraint: Lip(B) We start with a more detailed
discussion on the new notion Lip(B) due to its conceptual and technical importance. The definition of Lip(B)
(Definitions 3.2 and 3.3) may be interpreted in several ways. We start with an explanation from a technical
perspective of coreset construction. A natural way of building a coreset which we also use, is to draw independent
samples S from data points P (and re-weight). To analyze S, let us fix some capacity constraint h and some
center C. Let σ∗ be an assignment of h, i.e., costz(P,C,B, h) = costσ

∗

z (P,C). Then, one can convert σ∗ to
σ : S × C → R≥0 for the sample S ⊆ P , by setting σ(p, ·) := w(p) · σ∗(p, ·) and w(p) = n

|S| for p ∈ S (where we

can guarantee that w(S) = n). Even though this assignment σ may slightly violate the capacity constraint h, the
violation, denoted as ∥h − h′∥1 where h′ is the capacity induced by σ, is typically very small (by concentration
inequalities), and it may be charged to costz(P,C,B, h). However, we still need to transport σ to σ′ so that it is
consistent with h′. More precisely, we need to find σ′ : S × C → R≥0 for the sample S that satisfies σ′ ∼ (B, h),
such that the total transportation ∥σ − σ′∥19 (which relates to the cost change), is minimized. This minimum
transportation plan is exactly defined by the optimal assignment transportation (OAT) (Definition 3.2). Since we
eventually wish to bound the OAT cost against the mentioned ∥h − h′∥1, our Lip(B) is defined as the universal
upper bound of the OAT cost relative to ∥h − h′∥1 over all h, h′, σ, which can also be viewed as the Lipschitz
constant of OAT.

Another perspective of interpreting the notion of OAT is via the well-known optimal transportation.
Specifically, the minimum L1 transportation cost for turning h to h′ without any constraint is exactly ∥h− h′∥1,
which equals to the minimum transportation cost from any assignment σ ∼ h to some σ′ ∼ h′. Hence, compared
with optimal transportation, our notion adds additional requirements that the transportation plan must be inside
of B, and from a given starting assignment σ with σ ∼ h. We care about the worst-case relative ratio Lip(B),
which measures how many times more expensive the constrained optimal transportation cost OAT than the optimal
transportation cost ∥h − h′∥1. Even though notions of constrained optimal transportation were also considered
in the literature, see e.g., [TT13, KM13, KM15, KMS15] and a survey [PC+19, Chapter 10.3] for more, we are
not aware of any previous work that studies exactly the same problem.

3.2 The Coreset Construction Algorithm We introduce the algorithm used in Theorem 3.1. The algorithm
improves the coreset algorithm proposed very recently by [BCJ+22, HJLW23].

We need the following decomposition that is defined with respect to a dataset Q ⊆ X and a given center
c ∈ X .

Theorem 3.2. (Decomposition into rings and groups, [BCJ+22]) Let Q ⊆ X be a weighted dataset and
c ∈ X be a center point. There exists an O(|Q|) time algorithm Decom(Q, c) that outputs (R⋆,G⋆) as a partition
of Q, where R⋆ and G⋆ are two disjoint collections of sets such that Q = (∪R∈R⋆R) ∪ (∪G∈G⋆G). Moreover, R⋆

is a collection of disjoint rings satisfying

1. ∀R ∈ R⋆, R is a ring of form R = Ri(Q, c) for some integer i ∈ Z ∪ {−∞}, where Ri(Q, c) :=
Q ∩ ring(c, 2i−1, 2i) for i ∈ Z and R−∞(Q, c) := Q ∩ {c};

9Here, we interpret σ, σ′ as vectors on RS×C .
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2. ∀R ∈ R⋆, costz(R, c) ≥ ( ε
6z )

z · costz(Q,c)
k·log(48zε−1) ;

3. |R⋆| ≤ 2O(z log z) · Õ(kε−z);

and G⋆ is a collection of disjoint groups satisfying

1. ∀G ∈ G⋆, G is the union of a few consecutive rings of (Q, c) and all these rings are disjoint. Formally,
∀G ∈ G⋆, there exists lG, rG ∈ Z∗, lG ≤ rG such that G = ∪rGi=lG

Ri(Q, c) and the intervals {[lG, rG], G ∈ G⋆}
are disjoint;

2. ∀G ∈ G⋆, costz(G, c) ≤ ( ε
6z )

z · costz(Q,c)
k·log(48zε−1) ;

3. |G⋆| ≤ 2O(z log z) · Õ(kε−z).

Roughly speaking, we decompose Q into rings w.r.t. c. The collection R⋆ contains those rings with “heavy”

costs, say costz(R, c) > ( ε
6z )

z · costz(Q,c)
k·log(48zε−1) for R ∈ R⋆.10 They also gather the remaining “light” rings and form

the collection of groups G⋆ (see [BCJ+22, Lemma 3.4]), and ensure that the cardinality |G⋆| is upper bounded by
2O(z log z) · Õ(kε−z).

For each group G, we provide the following data structure.

Definition 3.5. (Two-point coreset, Line 5 of Algorithm 1 in [BCJ+22]) For a weighted dataset/group
G ⊂ Rd and a center point c ∈ Rd, let pGfar and pGclose denote the furthest and closest point to c in G. For
every p ∈ G, compute the unique λp ∈ [0, 1] such that dz(p, c) = λp · dz(pGclose, c) + (1 − λp) · dz(pGfar, c). Let
D = {pGfar, pGclose}, wD(pGclose) =

∑
p∈G λp, and wD(pGfar) =

∑
p∈G(1− λp). D is called the two-point coreset of G

with respect to c.

By definition, we know that w(D) = |G| and costz(D, c) = costz(G, c), which are useful for upper bounding the
error induced by such two-point coresets.

Algorithm 1 HUS(P, k, z,Γ)

Input: An unweighted dataset P ⊆ X of size n ≥ 1, an integer k ≥ 1, an integer 0 ≤ m ≤ n, constant z ≥ 1,
a sampling size Γ ≥ 1, and an

(
2O(z), O(1), O(1)

)
-approximate solution C⋆ = {c⋆1, . . . , c⋆k} ⊆ X of P for

(k, z)-Clustering with m outliers
Output:
1: Let L∗ ← argminL⊆P :|L|=m costz(P \ L,C⋆) denote the set of m outliers of P w.r.t. C⋆

2: Decompose P \ L⋆ into k clusters P1, . . . , Pk such that each Pi contains all points in P whose closest center
in C⋆ is c⋆i (breaking ties arbitrarily).

3: For each i ∈ [k], apply the decomposition of Theorem 3.2 to (Pi, c
⋆
i ) and obtain (Ri,Gi) ← Decom(Pi, c

⋆
i ),

where Ri is a collection of disjoint rings and Gi is a collection of disjoint groups.

4: For each i ∈ [k] and each ring R ∈ Ri, set λR ← costz(R,c⋆i )
costz(Pi,c⋆i )

and take a uniform sample SR of size ΓR ← ⌈Γ·λR⌉
from R, and set wSR

(x) = |R|
ΓR

for each point x ∈ SR.
5: For each i ∈ [k], for each group G ∈ Gi and center c⋆i , construct a two-point coreset DG of G by Definition 3.5.
6: Return S ← L⋆ ∪ (

⋃
R SR) ∪ (

⋃
GDG).

Hierarchical Uniform Sampling Coreset Framework We are now ready to introduce the hierarchical
uniform sampling framework HUS(P, k, z,Γ) (Algorithm 1). To simplify our analysis, we slightly abuse the nota-
tion and consider C⋆ as an

(
2O(z), 1, 1

)
-approximation instead of a tri-approximation, e.g., a (2O(z), O(1), O(1))-

approximation by [BVX19]. This simplification allows the algorithm to decompose the inliers P \ L⋆ into simply
k clusters rather than O(k) clusters, which only results in a factor of O(1) difference in the coreset size. We first
compute an outlier set L⋆ w.r.t. C⋆ in Line 1 (as in [HJLW23, Algorithm 1]). Note that we apply Theorem 3.2 for
each Pi (i ∈ [k]) in Line 3, and obtain collections R1, . . . ,Rk and G1, . . . ,Gk. Let R =

⋃
i∈[k]Ri be the collection

of all rings in different clusters and G =
⋃

i∈[k] Gi be the collection of all groups. By Theorem 3.2, we have the
following observation.

10In [BCJ+22], they call these rings heavy rings or marked rings.
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Observation 1. (Bound for |R| and |G|) |R|, |G| ≤ 2O(z log z) · Õ(k2ε−z).

The primary improvement of Algorithm 1 lies in Line 4, where we selectively choose the coreset size ΓR that
is proportional to the relative contribution λR of each ring R. Moreover, we demonstrate that our algorithm,
denoted as HUS(P, k, z,Γ), can generate an output (S,w) that is a coreset for (k, z)-Clustering with general
assignment constraints in general metric spaces, provided that we carefully choose the sample number Γ.

We remark that Algorithm 1 presents a hierarchical uniform sampling framework instead of purely sampling.
However, even in vanilla clustering, achieving state-of-the-art coreset size purely through sampling, without any
pre-processing, has only been recently established [BCP+24]. It is interesting to study whether this purely
sampling framework can be extended to constrained clustering.

3.3 Proof of Theorem 3.1: Performance Analysis of Algorithm 1 We use the following well-known
generalized triangle inequalities for (k, z)-Clustering; see e.g., [MSSW18, BCJ+22] for more variants. The key
is to bound the induced errors for rings and groups for every k-center set C respectively (Lemmas 3.3 and 3.4).
For groups, we provide a unified error bound that does not depend on the choice of C. In contrast, our error
bounds for rings R depend on the relative location of C to R, captured by a new notion called the level tR(C) of
rings R w.r.t. C (Definition 3.6). Bounding the total error induced by rings relies on a new geometric observation
that bounds the total levels

∑
R tR(C) for all C (Lemma 3.2).

The following lemma is useful for bounding the total induced error of rings.

Lemma 3.1. (Hölder’s Inequality) Assume p, q > 1 such that 1
p + 1

q = 1 then for every integer n ≥ 1 and two
sequences of numbers a1, a2, · · · , an, b1, b2, · · · , bn > 0,

n∑
i=1

aibi ≤ (

n∑
i=1

api )
1
p · (

n∑
i=1

bqi )
1
q

Now we are ready to prove Theorem 3.1. Like [BCJ+22], we prove the theorem by analyzing rings and groups
separately; summarized by Lemmas 3.3 and 3.4 respectively.

Given a ring R ⊂ ring(a, r, 2r) and a center set C ∈ X k, we denote CR
far :=

{
c ∈ C : d(c, a) ≥ 48zε−1r

}
to be

the centers that are remote to R and CR
close := {c ∈ C : d(c, a) ≤ εr/48z} to be the centers that are close to a.

We first introduce the following important notion.

Definition 3.6. (Level of rings) Given a ring R ⊂ ring(a, r, 2r) for some a ∈ Rd and radius r > 0 and a
center set C ∈ X k, we denote the level of ring R w.r.t. C to be tR(C) := |C \ CR

far \ CR
close|.

Note that 0 ≤ tR(C) ≤ k. We will see that the level tR(C) heavily affects the induced error of samples SR w.r.t.
C. By Theorem 3.2, we directly have the following observation.

Lemma 3.2. (Bounding total levels) Let ε ∈ (0, 14 ). Given a center set C ⊆ X k, for every i ∈ [k], we have
that

∑
R∈Ri

tR(C) ≤ 10zk log ε−1.

Proof. We say center c ∈ C is interesting to ring R if c ∈ C \ CR
far \ CR

close. It suffices to prove that every c ∈ C
can be interesting to at most 10z log ε−1 rings in Ri. For the sake of contradiction, suppose c is interesting to
more than 8z log ε−1 + 1 rings. Among these rings, let R1 = Pi ∩ ring(c⋆i , r1, 2r1) and R2 = Pi ∩ ring(c⋆i , r2, 2r2)
denote rings with the largest and smallest radii respectively. Recall that all rings are disjoint, thus we have
r1/r2 > 28z log ε−1

= ε−8z. However, as c is interesting to both R1 and R2, by Definition 3.6, we know that

εr1
48z
≤ d(c, c⋆i ) ≤

48zr2
ε

which implies r1/r2 ≤ 2304z2ε−2 < ε−8z since ε < 1
4 .

So we conclude with a contradiction and have proved Lemma 3.2.

We have the following lemma that relates the induced error of rings with their levels.
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Lemma 3.3. (Error analysis for rings) For each i ∈ [k] and ring R ∈ Ri, suppose

ΓR ≥ 2O(z log z) · λR · Lip(B)2 · (Λε(X ) + k + ε−1) · kε−2z · log(Lip(B) · Λε(X )δ−1) log7(kε−1),

and when B = ∆k, suppose

ΓR ≥ 2O(z log z) · λR · (Λε(X ) + ε−1) · kε−2z · log(Λε(X )δ−1) log7(kε−1),

where ΓR is the sample size of SR as in Line 4 of Algorithm 1. With probability at least 1− δ
|R| , for every k-center

set C ∈ X k and capacity constraint h ∈ |R| · conv(Bo),

| costz(R,C,B, h)− costz(SR, C,B, h)|

≤ ε (costz(R,C,B, h) + costz(R, c
⋆
i )) +

( tR(C)

10zkλR log ε−1

) 1
2 · ε costz(R, c⋆i ).

Proof. The proof can be found in Section 3.4.

For groups, we have the following lemma.

Lemma 3.4. (Error analysis for groups) For each i ∈ [k], let G[i] =
⋃

G∈Gi
G be the union of all groups

G ∈ Gi and D[i] =
⋃

G∈Gi
DG be the union of all two-point coresets DG with G ∈ Gi. For every k-center set

C ∈ X k and capacity constraint h ∈ |G[i]| · conv(Bo),

|costz(G[i], C,B, h)− costz(D[i], C,B, h)| ≤ O(ε) · (costz(G[i], C,B, h) + costz(Pi, c
⋆
i )) .

Proof. The proof can be found in Section 3.5.

Note that for groups, the induced error of two-point coresets D[i] is deterministically upper bounded, which is
not surprising since there is no randomness in the construction of D[i]. This property is quite powerful since we
do not need to consider the complexity of center sets in different metric spaces when analyzing the performance
of two-point coresets. Now we are ready to prove Theorem 3.1.

Proof. [Proof of Theorem 3.1] By Lemma 3.3, we can select

Γ = 2O(z log z) · Õ(Lip(B)2 · (Λε(X ) + k + ε−1) · kε−2z) · log δ−1

for general assignment structure constraint B and select

Γ = 2O(z log z) · Õ((Λε(X ) + ε−1) · kε−2z) · log δ−1

when B = ∆k, and apply HUS(P, k, z,Γ) that outputs (S,w). We verify that S is the desired O(ε)-coreset.
For the coreset size |S|, we first note that

∑
R∈Ri

ΓR ≤ Γ for every i ∈ [k] by the definition of λR. Also by

Observation 1,
∑

G∈G ΓG ≤ O(k2ε−z). Hence, the size |S| is dominated by |L⋆|+Γ · k, which matches the coreset
size in Theorem 3.1. For correctness, we first have the following claim by Lemma 3.3.

Claim 3. With probability at least 1− δ, for every i ∈ [k], for every center set C ∈ X k and capacity constraints
{hR}R∈Ri satisfying ∀R ∈ Ri, hR ∈ |R| · conv(Bo), we have∑

R∈Ri

| costz(R,C,B, hR)− costz(SR, C,B, hR)| ≤ ε
∑

R∈Ri

costz(R,C,B, hR) + 2ε costz(Pi, c
⋆
i ).

Proof. Assume Lemma 3.3 holds for all rings R ∈ R, whose success probability is at least 1 − δ by the union

bound. Fix a center set C ∈ X k and capacity constraints {hR}R∈R. By Lemma 3.3 and λR =
costz(R,c⋆i )
costz(Pi,c⋆i )

, we

have that for every ring R ∈ Ri,
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| costz(R,C,B, hR)− costz(SR, C,B, hR)|

≤ ε (costz(R,C,B, hR) + costz(R, c
⋆
i )) +

( tR(C)

10zkλR · log ε−1

) 1
2 · ε costz(R, c⋆i )

= ε (costz(R,C,B, hR) + costz(R, c
⋆
i )) + (

tR(C)

10zk log ε−1
)

1
2λ

1
2

R · ε costz(Pi, c
⋆
i )

Summing over all R ∈ Ri,0 we have∑
R∈Ri

| costz(R,C,B, hR)− costz(SR, C,B, hR)|

≤ ε
∑

R∈Ri

(costz(R,C,B, hR) + costz(R, c
⋆
i )) + (

tR(C)

10zk log ε−1
)

1
2λ

1
2

R · ε costz(Pi, c
⋆
i )

≤ ε
∑

R∈Ri

costz(R,C,B, hR) + 2ε costz(Pi, c
⋆
i )

where for the last inequality, we are using Holder’s inequality (Lemma 3.1) and the fact∑
R∈Ri

tR(C) ≤ 10zk log ε−1 and
∑

R∈Ri

λR ≤ 1

to obtain ∑
R∈Ri

(
tR(C)

10zk log ε−1
)

1
2λ

1
2

R

≤
( ∑
R∈Ri

tR(C)

10zk log ε−1

) 1
2 ·
( ∑
R∈Ri

λR
) 1

2

≤ 1.

Thus, we prove Claim 3.

Fix a k-center set C ∈ X k, and a capacity constraint h ∈ (n − m) · B. Suppose a collection hL ∪{
hR ∈ |R| · conv(Bo) : R ∈ R

}
∪
{
h(i) ∈ |G[i]| · conv(Bo) : G ∈ G

}
of capacity constraints satisfy that

hL +
∑
R∈R

hR +
∑
i∈[k]

h(i) = h,

and

costz(P,C,B, h) = costz(L
⋆, C,B, hL) +

∑
R∈R

costz(R,C,B, hR) +
∑
i∈[k]

costz(G[i], C,B, h(i)).(3.9)

We have

costz(S,C,B, h)

≤ costz(L
⋆, C,B, hL) +

∑
R∈R

costz(SR, C,B, hR) +
∑
i∈[k]

costz(D[i], C,B, h(i)) (by optimality)

≤ costz(L
⋆, C,B, hL)

+ (1 +O(ε)) ·
∑
R∈R

costz(R,C,B, hR) +O(ε) ·
∑
i∈[k]

costz(Pi, c
⋆
i ) (Claim 3)

+
∑
i∈[k]

(1 +O(ε)) · costz(G[i], C,B, h(i)) +O(ε) · costz(Pi, c
⋆
i ) (Lemma 3.4)

≤ (1 +O(ε)) · costz(P,C,B, h) +O(ε) · costz(P,C⋆) (Ineq. (3.9))

≤ (1 +O(ε)) · costz(P,C,B, h). (Defn. of C⋆)
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Similarly, we also have that costz(P,C,B, h) ≤ (1+O(ε))·costz(S,C,B, h). Thus, (S,w) is indeed an O(ε)-coreset.
For the running time, Line 1 costs O(nk) time. Line 2 costs

∑
i∈[k]O(|Pi|) = O(n) time by Theorem 3.2. Line

3 costs O(n) time. Line 4 costs
∑

G∈Gi
O(|G|) = O(n) time by Definition 3.5. Overall, the total time is O(nk).

3.4 Proof of Lemma 3.3: Error Analysis for Rings Now we analyze the errors induced by rings. We
first provide an overview of the proof. Motivated by [BCJ+22], we first observe that error induced by centers in
CR

far\CR
close can be well controlled and we only need to bound the error induced by centers in C\CR

far\CR
close (Lemma

3.6). We also define another notion of covering NX (R, t, β,B) (Definition 3.7), and relate it to Λβ(X ) (Lemma 3.7).
Then we prove the main technical lemma that bounds the estimation error | costz(R,C,B, h)− costz(SR, C,B, h)|
for every ring R: Lemma 3.8, which is a weak version of Lemma 3.3. Compared to Lemma 3.3, the sample size
in Lemma 3.8 contains an additional term log nR, which can be removed by applying the iterative size reduction
approach of [BJKW21a].

To prove Lemma 3.8, we consider two cases: tR(C) = 0 and tR(C) ∈ [k], and discuss the induced errors
respectively (Lemmas 3.9 and 3.10). The case of tR(C) = 0 is easier and can be shown by McDiarmid’s
Inequality (Theorem 3.3). The case of tR(C) ∈ [k] is much more involved. We extend the flow idea in [CL19]
to handle assignment constraints. Our idea is to show that costz(SR, C,B, h) concentrates on its expectation
ES [costz(SR, C,B, h)] (Lemma 3.11) and to show the expectation is very close to costz(R,C,B, h) (Lemma 3.12).
The proof of the former about the expectation follows easily from concentration inequalities, but that of the latter
one is much more difficult and constitutes a major part of our analysis. Let σ⋆ be an optimal assignment of h on
R, i.e., costz(R,C,B, h) = costσ

⋆

z (R,C). We convert σ⋆ to σ : SR×C → R≥0, by setting σ(p, ·) := wS(p) ·σ∗(p, ·)
for p ∈ S (as mentioned in Section 3.1.2), and can show that costσz (SR, C) ≈ costσ

⋆

z (R,C) ((3.20) in the proof
of Claim 6). We are done if σ ∼ h, but unfortunately, this generally does not hold. Hence, we turn to show
the existence of an assignment σ′ ∼ (B, h) on S such that | costσz (SR, C) − costσ

′

z (SR, C)| is small enough. This
existence of such σ′ is shown in Claim 6, and here we sketch the main technical ideas. We reduce the problem
of bounding | costσz (SR, C)− costσ

′

z (SR, C)| to bounding the mass movement ∥σ − σ′∥1 from σ to σ′, based on a
novel idea that we can safely ignore the total assignment cost of R and S to remote centers (denoted by Cfar),
and the difference between the assignment cost induced by σ and σ′ to C \Cfar is proportional to ∥σ − σ′∥1, due
to the generalized triangle inequality (Lemma 3.5). Now it suffices to require that ∥σ − σ′∥1 ≤ Õz(ε

z+1|R|) for
bounding | costσz (SR, C)− costσ

′

z (SR, C)|. By the definition of Lip(B), we only need to make sure that ∥h− h′∥1
(h′ is induced by σ) is as small up to Õz(ε

z+1|R|)/Lip(B)) (Claim 8), which is again guaranteed by McDiarmid’s
Inequality (Theorem 3.3). The additional factor 1/Lip(B) results in the term Lip(B)2 in our coreset size.

For preparation, we introduce the following generalized triangle inequality.

Lemma 3.5. (Generalized triangle inequality [BCJ+22, Lemma 2.1]) Let a, b, c ∈ X and z ≥ 1. For
every t ∈ (0, 1], the following inequalities hold:

dz(a, b) ≤ (1 + t)z−1dz(a, c) +
(
1 +

1

t

)z−1

dz(b, c),

and

|dz(a, c)− dz(b, c)| ≤ t · dz(a, c) +
(3z
t

)z−1

· dz(a, b).

We also use the following concentration inequality for analysis.

Theorem 3.3. (McDiarmid’s Inequality [vH14, Theorem 3.11]) Let E be a ground set and n ≥ 1 be an
integer. Let g : En → R be a function satisfying that for any sequence (x1, x2, . . . , xn) ∈ En, there exists a
universal constant δi > 0 for each i ∈ [n] such that

δi ≥ sup
y∈E

g(x1, . . . , xi−1, y, xi+1, . . . , xn)− inf
y∈E

g(x1, . . . , xi−1, y, xi+1, . . . , xn).

Then for independent random variables X1, . . . , Xn, we have for every t > 0,

Pr
[
g(X1, . . . , Xn)− ESR

[g(X1, . . . , Xn)] ≥ t
]
≤ e

− 2t2∑
i∈[n] δ

2
i .
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Suppose R ⊆ ring(c⋆i , r, 2r) for some r > 0. For preparation, we have the following observation that shows
that costz(P,C,B, h) has some Lipschitz property. The proof is the same as that in [HJLW23, Lemma 3.6].

Observation 2. (Lipschitz property of costz(P,C,B, h) on P ) Let P,Q ⊆ X be two weighted sets with
wP (P ) = wQ(Q) and c ∈ X be a center point. For any k-center set C ∈ X k, any assignment constraint (B, h)
and any ε ∈ (0, 1], we have

|costz(P,C,B, h)− costz(Q,C,B, h)| ≤ ε · costz(P,C,B, h) +
(
6z

ε

)z−1

· (costz(P, c) + costz(Q, c)) .

This observation is useful for providing an upper bound for |costz(P,C,B, h)− costz(Q,C,B, h)|. For instance, if
z = 1 and cost1(P, c) + cost1(Q, c)≪ cost1(P,C,B, h), we may have

|cost1(P,C,B, h)− cost1(Q,C,B, h)| ≤ O(ε) · cost1(P,C,B, h).

For any center set C ∈ X k, consider a mapping ν : C → Rd defined as follows: ν(c) = c⋆i for every
c ∈ CR

far ∪ CR
close, and ν(c) = c for the remaining centers c ∈ C \ CR

far \ CR
close. By definition, we know that ν(C)

contains at most tR(C) + 1 distinct centers. We first have the following lemma that enables us to only focus on
the concentration for center sets C ⊂ B(c⋆i ,

48zr
ε ).

Lemma 3.6. (Approximation of costz) For every weighted set Q ⊆ R with total weight nR, we have

costz(Q,C,B, h) ∈ (1± ε

4
) · (costz(Q, ν(C),B, h) + ϕ(C, h)),

where

ϕ(C, h) :=
∑

c∈CR
far

hc · dz(c, c⋆i ),

which is independent of the choice of Q.11

Proof. The lemma is implied by the proof of Lemma 4.4 of [BCJ+22]. For completeness, we provide proof here.
By the construction of ν(C), we can check that for every p ∈ Q and c ∈ C,

1. if c ∈ CR
far, d

z(p, c) ∈ (1± ε
4 ) · (d

z(p, ν(c)) + dz(c, ν(c))) by the definition of CR
far;

2. if c ∈ CR
close, d

z(p, c) ∈ (1± ε
4 ) · d

z(p, ν(c)) by the definition of CR
close;

3. if c ∈ C \ CR
far \ CR

close; d
z(p, c) = dz(p, ν(c)).

Let σ ∼ (B, h) be an arbitrary assignment function. Combining the above properties, we have

costσ(Q,C) ∈ (1± ε

4
) · (costσ(Q, ν(C)) + ϕ(C, h)),

which implies the lemma.

We also need to define another notion of covering for ring R, which aims to cover both the metric space X and
the hyper-parameter space of the feasible capacity constraints induced by B (Definition 3.7). A similar idea
appeared in [BCJ+22, Lemma 4.4] but it concerns capacity constraints only in Euclidean spaces. Recall that
conv(Bo) = conv(B ∪ {0}). Let Φ denote the collection of all pairs (C, h) ∈ X k × (nR · conv(Bo)). We partition Φ
into k + 1 sub-collections Φt for t ∈ {0, 1, . . . , k} where Φt is the collection of (C, h) ∈ Φ such that R is a t-level
ring w.r.t. C (tR(C) = t).

11ϕ(C, h) plays the same role as ∆(C) defined in [BCJ+22, Lemma 4.4], that captures the clustering cost of points to remote centers
in Cfar.
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Definition 3.7. (Coverings and covering numbers with assignment structure constraints) Let B ⊆
∆k be an assignment structure constraint. Let R ⊂ ring(c⋆i , r, 2r) be a ring of nR ≥ 1 points. Let t ∈ [k] be
an integer. We say a collection F ⊂ Φt is a (t, α)-covering w.r.t. (R,B) if for every (C, h) ∈ Φt, there exists
(C ′, h′) ∈ F such that for every weighted set Q ⊆ R with wQ(Q) = nR,

costz(Q,C,B, h) ∈
(
1± (β + ε)

)
· (costz(Q,C ′,B, h′) + ϕ(C, h))± βnRrz.

Define NX (R, t, β,B) to be the minimum cardinality |F| of any (t, β)-covering F w.r.t. (R,B).

As the covering number NX (R, t, β,B) becomes larger, the family Φt is likely to induce more types of
costz(Q,C,B, h)’s. Although the definition of NX (R, t, β,B) is based on the clustering cost, which looks quite
different from Definition 3.4, we have the following lemma that relates the two notions of covering numbers.

Lemma 3.7. (Relating two types of covering numbers) Let B be an assignment structure constraint. For
every β > 0 and t ∈ [k], we have

logNX (R, t, β,B) ≤O
(
t · logNX (nR, β)) + zk · log(Lip(B) · zε−1β−1)

)
≤O

(
Λβ(X ) · t log nR + zk · log(Lip(B) · zε−1β−1)

)
.

Moreover, when B = ∆k, we have

logNX (R, t, β,B) ≤ O
(
Λβ(X ) · t log nR + zt · log(zkε−1β−1)

)
.

Proof. The proof can be found in Section C.

Now we are ready to prove Lemma 3.3. We first prove the following weak version.

Lemma 3.8. (A weak version of Lemma 3.3) For each i ∈ [k] and ring R ∈ Ri of size nR ≥ 1, suppose for
every t ∈ [k + 1],

ΓR ≥ 2O(z log z) · λR · Lip(B)2 · ε−2z · (kε−1 log δ−1 +
k

t
log(NX (R, t, ε,B) · 2kδ−1)) · log3(kε−1),(3.10)

and specifically, when B = ∆k,

ΓR ≥ 2O(z log z) · λR · ε−2z · (kε−1 log δ−1 +
k

t
log(NX (R, t, ε,B) · 2tδ−1)) · log3(kε−1).(3.11)

With probability at least 1 − δ
|R| , for every k-center set C ∈ X k and capacity constraint h ∈ nR · conv(Bo), we

have that

| costz(R,C,B, h)− costz(SR, C,B, h)|

≤ ε (costz(R,C,B, h) + costz(R, c
⋆
i )) +

( tR(C)

10zkλR log ε−1

) 1
2 · ε costz(R, c⋆i ).

Combining with Lemma 3.7, we know that the required sample number in Lemma 3.8 is at most

2O(z log z) · Lip(B)2 · (Λε(X ) + k + ε−1) · kε−2z · log(nR · Lip(B) · δ−1) log4(kε−1)

for general assignment structure constraint B, and is at most

2O(z log z) · (Λε(X ) + ε−1) · kε−2z · log(nR · Lip(B) · δ−1) log4(kε−1)

when B = ∆k. Compared to Theorem 3.1, there is an additional term log nR in the coreset size, which can be as
large as O(log n). We will show how to remove this term later.

We first give the following lemma that solves the case of (C, h) ∈ Φ0 for Lemma 3.8.
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Lemma 3.9. (Lemma 3.8 for Φ0) With probability at least 1− δ
2|R| , for all (C, h) ∈ Φ0, the following inequality

holds:
| costz(R,C,B, h)− costz(SR, C,B, h)| ≤ ε (costz(R,C,B, h) + costz(R, c

⋆
i )) .

Proof. We claim that

| costz(R, ν(C),B, h)− costz(SR, ν(C),B, h)| ≤
ε

4
(costz(R, ν(C),B, h) + costz(R, c

⋆
i )) ,(3.12)

which implies that

costz(SR, C,B, h) ∈ (1± ε

4
) · (costz(SR, ν(C),B, h) + ϕ(C, h)) (Lemma 3.6)

∈ (1± ε

2
) · (costz(R, ν(C),B, h) + ϕ(C, h))± ε

2
· costz(R, c⋆i ) (Ineq. (3.12))

∈ (1± ε) · costz(R,C,B, h)± ε · costz(R, c⋆i ). (Lemma 3.6)

Hence, it suffices to prove Inequality (3.12). Since (C, h) ∈ Φ0 implies that tR(C) = 0, we have that ν(C) = c⋆i ,

which implies that costz(Q, ν(C),B, h) = cost
(nR−∥h∥1)
z (Q, c⋆i ). Then it is equivalent to prove that for all

0 ≤ mR ≤ nR,
| cost(mR)

z (R, c⋆i )− cost(mR)
z (SR, c

⋆
i )| ≤

ε

4

(
cost(mR)

z (R, c⋆i ) + costz(R, c
⋆
i )
)
.

Since cost
(mR)
z (R, c⋆i ) ≥ 0, it suffices to prove that for all 0 ≤ mR ≤ nR,

| cost(mR)
z (R, c⋆i )− cost(mR)

z (SR, c
⋆
i )| ≤

ε

4
costz(R, c

⋆
i ).

Note that costz(R, c
⋆
i ) ≥ nRr

z. Also note that for every p ∈ R, we have dz(p, c⋆i ) ≤ 2zrz, which implies that for
any 0 ≤ m ≤ m′ ≤ nR with m′ −m ≤ εnR

2z+4 ,

cost(m)
z (R, c⋆i ) ≤ cost(m

′)
z (R, c⋆i ) +

ε

16
costz(R, c

⋆
i ),

and
cost(m)

z (SR, c
⋆
i ) ≤ cost(m

′)
z (SR, c

⋆
i ) +

ε

16
costz(R, c

⋆
i ).

Then it suffices to prove that for mR = 0, εnR

2z+4 ,
2εnR

2z+4 , . . . , nR, the following inequality holds:

| cost(mR)
z (R, c⋆i )− cost(mR)

z (SR, c
⋆
i )| ≤

ε

8
· nRrz,(3.13)

i.e., we only need to consider O(2zε−1) different values of mR.
By Theorem 3.2 and the definition of λR, we know that λR ≥ ( ε

6z )
z · 1

k·log(48zε−1) . Consequently, we have

ΓR ≥ 2O(z log z) · λR · ε−2z · (kε−1 log δ−1 + log(NX (R, k, ε,B) · 2kδ−1)) · log3(kε−1) (Ineq. (3.10))

≥ 2O(z log z) · ε−z−1 · log(|R| · δ−1ε−1)

≥ 2O(z log z) · ε−z−1 · log(|R| · δ−1ε−1). (z ≥ 1)

(3.14)

Suppose SR = S ∪ {q} and S′
R = S ∪ {q′} where S ⊆ R, |S| = ΓR − 1 and q ̸= q′ ∈ R. We know that

| cost(m)
z (SR, c

⋆
i ) − cost

(m)
z (S′

R, c
⋆
i )| ≤ 2nR

ΓR
· 2zrz. By construction, SR consists of ΓR i.i.d. uniform samples.

Hence, we can apply Theorem 3.3 (McDiarmid’s Inequality) and obtain that for every t > 0,

Pr
[∣∣∣cost(mR)

z (SR, c
⋆
i )− ESR

[
cost(mR)

z (SR, c
⋆
i )
]∣∣∣ ≥ t] ≤ e− 2t2

ΓR·( 2nR
ΓR

·2zrz)2

.

Since ESR

[
cost

(mR)
z (SR, c

⋆
i )
]
= cost

(mR)
z (R, c⋆i ), we conclude that Inequality (3.13) holds with probability at least

1− δε
2z+10|R| , which can be verified by letting t = ε

8 · nRr
z and the bound of ΓR in Inequality (3.14).
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Next, we consider the case of Φt for t ∈ [k]. The proof idea is to first show the concentration property of SR w.r.t.
a fixed pair (C, h) ∈ Φt, and then discretize the parameter space Φt and use the union bound to handle all pairs
(C, h) ∈ Φt. We first propose the following key lemma for a specific pair (C, h) ∈ Φt, which is a generalization
of [BCJ+22, Lemma 4.3] based on [CL19, BFS21] by considering general z ≥ 1, introducing assignment structure
constraints B, and carefully analyzing the induced error of rings w.r.t. different levels t ∈ [k].

Lemma 3.10. (Error analysis for rings w.r.t. a pair (C, h) ∈ Φt) Fix t ∈ [k] and (C, h) ∈ Φt. Let α =

( t
10zkλR log ε−1 )

1
2 ε. With probability at least 1− δ

2kNX (R,t,ε,B)·|R| , the following holds:

|costz(R,C,B, h)− costz(SR, C,B, h)| ≤ ε costz(R,C,B, h) + α costz(R, c
⋆
i ).

Proof. By a similar argument as in Lemma 3.9, it suffices to prove that

| costz(R, ν(C),B, h)− costz(SR, ν(C),B, h)| ≤ α costz(R, c
⋆
i ).

We define a function g that takes a weighted set Q ⊆ R with wQ(Q) = nR as input, and outputs g(Q) =
costz(Q, ν(C),B, h). Thus, it suffices to prove that with probability at least 1− δ

2kNX (R,t,ε,B)·|R| ,

|g(R)− g(SR)| ≤ O(αnRr
z).(3.15)

Actually, the construction and the following analysis of g is the key for extending the k-Median results in [CL19]
to general z ≥ 1. Our idea is to prove the following two lemmas, where the first one shows the concentration
property of g(SR) and the second one shows the closeness of ESR

[g(SR)] and g(R). The main difficulty is handling
the additional assignment structure constraint B.

Lemma 3.11. (Concentration of g(SR)) With probability at least 1− δ
2kNX (R,t,ε,B)·|R| ,

|g(SR)− ESR
[g(SR)]| ≤ αnRrz.

Lemma 3.12. (Closeness of ESR
[g(SR)] and g(R)) The following holds:

g(R) ≤ ESR
[g(SR)] ≤ g(R) + αnRr

z.

Inequality (3.15) is a direct corollary of the above lemmas since with probability at least 1− δ
2kNX (R,t,ε,B)·|R| , we

have that

|g(R)− g(SR)| ≤ |g(R)− ESR
[g(SR)] |+ |ESR

[g(SR)]− g(SR)| ≤ 2αnRr
z.

Hence, it remains to prove these two lemmas. Note that α = ( t
10zkλR log ε−1 )

1
2 ε ≤ 2O(z log z)k1/2ε1−z/2 since

λR ≥ ( ε
6z )

z · 1
k·log(48zε−1) . Then by Inequality (3.10), we note that

ΓR ≥ 2O(z log z) · Lip(B)2 · ε−2z+2α−2 · log(NX (R, t, ε,B) · 2kδ−1) · log(kα−1ε−1),(3.16)

and when B = ∆k,

ΓR ≥ 2O(z log z) · ε−2z+2α−2 · log(NX (R, t, ε,B) · 2tδ−1) · log(kα−1ε−1).(3.17)

For ease of analysis, we slightly abuse the notation by using C to replace ν(C) in the following. Then we know
that C ⊂ B(c⋆i ,

48zr
ε ) and there are k − t centers c ∈ C located at c⋆i .

Proof. [Proof of Lemma 3.11] We first show the following Lipschitz property of g.

Claim 4. (Lipschitz property of g) For every two realizations SR and S′
R of size ΓR that differ by one sample,

we have
|g(SR)− g(S′

R)| ≤
nR
ΓR
· (62z)zε−z+1rz.

Copyright © 2025 by SIAM
Unauthorized reproduction of this article is prohibited4753

D
ow

nl
oa

de
d 

06
/1

9/
25

 to
 1

14
.9

4.
33

.4
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



Proof. Suppose SR = S∪{q} and S′
R = S∪{q′} where S ⊆ R, |S| = ΓR−1 and q ̸= q′ ∈ R. Let σ : SR×C → R≥0

with σ ∼ (B, h) be an optimal assignment function such that gσ(SR) = g(SR). We define σ′ : S′
R × C → R≥0

with σ′ ∼ (B, h) to be:
σ′(p, ·) = σ(p, ·),∀p ∈ S, and σ′(q′, ·) = σ(q, ·).

We have

g(S′
R)

≤gσ
′
(S′

R) (by optimality)

=gσ(SR) +
∑

c∈C:c̸=c⋆i

σ(q, c) · (dz(q′, c)− dz(q, c)) (Defns. of σ′ and g)

≤gσ(SR) +
∑

c∈C:c ̸=c⋆i

σ(q, c) ·
(
ε · dz(q, c) + (

3z

ε
)z−1dz(q, q′)

)
(Lemma 3.5)

≤gσ(SR) +
∑

c∈C:c̸=c⋆i

σ(q, c) ·
(
ε · (d(c⋆i , c) + d(q, c⋆i ))

z + (
3z

ε
)z−1(4r)z

)
(triangle ineq.)

≤gσ(SR) +
∑

c∈C:c̸=c⋆i

σ(q, c) ·
(
ε · (48zr

ε
+ 2r)z + (

3z

ε
)z−1(4r)z

)
(Defn. of Cfar)

≤gσ(SR) +
∑

c∈C:c̸=c⋆i

σ(q, c) · (62z)zε−z+1rz

≤gσ(SR) +
nR
ΓR
· (62z)zε−z+1rz. (wSR

(q) =
nR
ΓR

)

By symmetry, we complete the proof.

By construction, SR consists of ΓR i.i.d. uniform samples. Hence, we can apply Theorem 3.3 (McDiarmid’s
Inequality) and obtain that for every t > 0,

Pr [|g(SR)− ESR
[g(SR)]| ≥ t] ≤ e

− 2t2

ΓR·(nR
ΓR

·(62z)zε−z+1rz)2

.

Lemma 3.11 can be verified by letting t = αnRr
z and Inequalities (3.16) and (3.17).

Proof. [Proof of Lemma 3.12] We first show the easy direction, say g(R) ≤ ESR
[g(SR)], which is guaranteed by

the following convexity of g. For each possible realization of SR, let µSR
denote the realized probability of SR

and σSR
: SR×C → R≥0 with σSR

∼ (B, h) be an optimal assignment function such that gσSR (SR) = g(SR). For
the convenience of the argument, we extend the domain of σSR

to be σSR
: R × C → R≥0 where σSR

(p, ·) = 0 if
p ∈ R \X. By definition, we know that

ESR
[g(SR)] = ESR

[gσSR (SR)] =
∑
SR

µSR
· g(SR).(3.18)

Now consider an assignment function σ : R × C → R≥0 obtained by adding up σSR
, i.e., σ = ESR

[σSR
] =∑

SR
µSR

· σSR
. We first show that σ ∼ (B, h) is a feasible assignment function on R. On one hand, since

σSR
∼ B, we know that for every p ∈ SR, σSR

(p, ·) ∈ wSR
(p) · B. Thus, we have for every p ∈ R,

σ(p, ·) =
∑
SR

µSR
· σSR

(p, ·) ∈
∑
SR

µSR
· wSR

(p) · B = B,

since ESR
[wSR

(p)] = 1. On the other hand, since σ ∼ h, it is obvious that σ ∼ h since
∑

SR
µSR

= 1. Thus, we
obtain the following inequality

g(R) ≤ gσ(R) (by optimality)

=
∑
SR

µSR
· g(SR) (by linearity)

= ESR
[g(SR)] . (Eq. (3.18))
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Next, we show the difficult direction that ESR
[g(SR)] ≤ (1+ ε) · g(R) +αnRr

z. We first have the following claim
showing that the maximum difference between g(SR) and g(R) is bounded.

Claim 5. (Uniform upper bound of g(SR)) The following holds

g(SR) ≤ g(R) + (62z)zε−z+1nRr
z.

Proof. The proof is almost identical to that of Claim 4. The only difference is that R and SR may differ by n
points instead of one point with weight nR

ΓR
, which results in a total difference on weights∑
p∈R

|1− wSR
(p)| ≤ 2nR,

where we let wSR
(p) = 0 for p /∈ SR.

Let σ⋆ : R × C → R≥0 with σ⋆ ∼ (B, h) be an optimal assignment function such that gσ
⋆

(R) = g(R). We first
construct π : SR × C → R≥0 as follows: for every p ∈ SR,

π(p, ·) = nR
ΓR
· σ⋆(p, ·).

Note that π ∼ B always holds, but π ∼ h may not hold. We then construct another assignment function
π′ : SR × C → R≥0 with ∥π′(p, ·)∥1 = ∥π(p, ·)∥1 for every p ∈ SR and π′ ∼ (B, h) such that the total mass
movement

∑
p∈SR

∥π(p, ·)− π′(p, ·)∥1 from π to π′ is minimized. We have the following claim.

Claim 6. (Upper bound of g(SR) w.h.p.) With probability at least 1− εz−1α
2·(62z)z , we have

g(SR) ≤ gπ
′
(SR) ≤ g(R) + 0.5αnRr

z.

Proof. g(SR) ≤ gπ
′
(SR) holds by optimality, and it remains to prove gπ

′
(SR) ≤ gσ

⋆

(R) + 0.5αnRr
z. Since

gσ
⋆

(R) = g(R) by definition, note that

gπ
′
(SR)− gσ

⋆

(R)

=
∑

c∈C:c=c⋆i

∑
p∈SR

π′(p, c) · dz(c, c⋆i )−
∑
p∈R

σ⋆(p, c) · dz(c, c⋆i )


+

∑
c∈C:c ̸=c⋆i

∑
p∈SR

π′(p, c) · dz(p, c)−
∑
p∈R

σ⋆(p, c) · dz(p, c)

 (Defn. of g)

=
∑

c∈C:c ̸=c⋆i

∑
p∈SR

π′(p, c) · dz(p, c)−
∑
p∈R

σ⋆(p, c) · dz(p, c)

 . (π′, σ⋆ ∼ h)

Hence, it is equivalent to proving that with probability at least 1− εz−1α
2·(62z)z ,

∑
c∈C:c̸=c⋆i

∑
p∈SR

π′(p, c) · dz(p, c)−
∑
p∈R

σ⋆(p, c) · dz(p, c)

 ≤ 0.5αnRr
z.(3.19)

The idea is to use π as an intermediary and we define another helper function ϕ that takes SR as input, and
outputs

ϕ(SR) :=
∑

c∈C:c̸=c⋆i

∑
p∈SR

π(p, c) · dz(p, c) +
∑

c∈C:c̸=c⋆i

(hc −
∑
p∈SR

π(p, c)) · dz(c, c⋆i ).
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To prove Inequality (3.19), it suffices to prove that each of the following two inequalities holds with probability

at least 1− εz−1α
4·(62z)z .

ϕ(SR)−
∑

c∈C:c̸=c⋆i

∑
p∈R

σ⋆(p, c) · dz(p, c) ≤ 0.25αnRr
z,(3.20)

and ∑
c∈C:c ̸=c⋆i

∑
p∈SR

π′(p, c)dz(p, c)− ϕ(SR) ≤ 0.25αnRr
z.(3.21)

Proof of Inequality (3.20) By linearity and the definition of π, we know that ESR
[ϕ(SR)] =∑

c∈C:c̸=c⋆i

∑
p∈R σ

⋆(p, c) · dz(p, c). Similar to g, we show the following Lipschitz of ϕ.

Claim 7. (Lipschitz property of ϕ) For every two realizations SR and S′
R of size ΓR that differ by one sample,

we have

|ϕ(SR)− ϕ(S′
R)| ≤

2nR
ΓR
· (62z)zε−z+1rz.

Proof. Suppose the only different points are p ∈ SR and q ∈ S′
R. By definition, we know that

|ϕ(SR)− ϕ(S′
R)|

=
nR
ΓR
·

∣∣∣∣∣∣
∑

c∈C:c ̸=c⋆i

σ⋆(p, c) · (dz(p, c)− dz(c, c⋆i ))− σ⋆(q, c) · (dz(q, c)− dz(c, c⋆i ))

∣∣∣∣∣∣ (Defns. of ϕ and π′)

≤2nR
ΓR
· (62z)zε−z+1rz, (Proof of Claim 4)

which completes the proof.

Now similar to Lemma 3.11, we can apply Theorem 3.3 (McDiarmid’s Inequality) and obtain that for every t > 0,

Pr [|ϕ(SR)− ESR
[ϕ(SR)]| ≥ t] = Pr [|ϕ(SR)| ≥ t] ≤ e

− 2t2

ΓR·( 2nR
ΓR

·(62z)zε−z+1rz)2

.

Inequality (3.20) can be verified by letting t = 0.25αnRr
z and Inequalities (3.16) and (3.17).

Proof of Inequality (3.21) We first consider the general assignment structure constraint B. For analysis,
we construct a function ψ that takes SR as input, and outputs

ψ(SR) :=
∑
c∈C

∣∣∣∣∣∣
∑
p∈SR

π(p, c)− hc

∣∣∣∣∣∣ ,
i.e., the total capacity difference between π and σ⋆. We have the following claim showing that ψ(SR) is likely to
be small.

Claim 8. (ψ(SR) is tiny w.h.p.) With probability at least 1− εz−1α
4·(62z)z , we have

ψ(SR) ≤
εz−1αnR

4 · Lip(B) · (62z)z
.

Proof. For every string s ∈ {+1,−1}k, we define a function ψs that takes SR as input, and outputs

ψs(SR) :=
∑
c∈C

sc ·

∑
p∈SR

π(p, c)− hc

 .
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Note that ψ(SR) = maxs∈{+1,−1}k ψs(SR). It is equivalent to proving that with probability at least 1− εz−1α
4·(62z)z ,

for all s ∈ {+1,−1}k,

ψs(SR) ≤
εz−1αnR

4 · Lip(B) · (62z)z
.(3.22)

By the union bound, it suffices to prove that for any s ∈ {+1,−1}k, Inequality (3.22) holds with probability at

least 1− εz−1α
2k+2·(62z)z .

Fix a string s ∈ {+1,−1}k and note that ESR
[ψs(SR)] = 0. Also noting that for any two realizations SR and

S′
R of size ΓR that differ by one sample, we have

|ψs(SR)− ψs(S
′
R)| ≤

2nR
ΓR

,

i.e., ψs(SR) is 2nR

ΓR
-Lipschitz. We again apply Theorem 3.3 (McDiarmid’s Inequality) and obtain that for every

t > 0,

Pr
[
|ψs(SR)− ESR

[ψs(SR)]| ≥ t
]
= Pr

[
|ψs(SR)| ≥ t

]
≤ e−

2t2

ΓR·(2nR/ΓR)2 .

Inequality (3.22) can be verified by letting t = εz−1αnR

4·Lip(B)·(62z)z and Inequality (3.16), which ensures the success

probability to be at least 1− εz−1α
2k+2·(62z)z .

Let h′ ∈ nR · B be the capacity constraint with h′c =
∑

p∈SR
π(p, c). We have that π ∼ (B, h′) and

ψ(SR) = ∥h′ − h∥1. Let τ =
∑

p∈SR
∥π(p, ·)− π′(p, ·)∥1. Recall that π(p, ·), π′(p, ·) ∈ nR

ΓR
· B for every p ∈ SR. We

have that with probability at least 1− εz−1α
4·(62z)z ,

τ ≤ Lip(
nR
ΓR
· B) · ∥h′ − h∥1 (Defns. of Lip(B) and π′)

= Lip(B) · ψ(SR) (scale-invariant of Lip)

≤ εz−1αnR
4 · (62z)z

, (Claim 8)

(3.23)

which implies that∑
c∈C:c̸=c⋆i

∑
p∈SR

π′(p, c) · dz(p, c)− ϕ(SR)

=
∑

c∈C:c̸=c⋆i

∑
p∈SR

(π′(p, c)− π(p, c)) · dz(p, c)−
∑

c∈C:c̸=c⋆i

(hc −
∑

c∈C:c ̸=c⋆i

π(p, c)) · dz(c, c⋆i ) (Defn. of ϕ)

=
∑

c∈C:c̸=c⋆i

∑
p∈SR

(π′(p, c)− π(p, c)) · (dz(p, c)− dz(c, c⋆i )) (π′ ∼ h)

≤
∣∣∣ ∑
c∈C:c ̸=c⋆i

∑
p∈SR

(π′(p, c)− π(p, c))
∣∣∣ · max

p∈R,c∈C:c̸=c⋆i

(dz(p, c)− dz(c, c⋆i ))

≤ τ · max
p∈R,c∈C:c̸=c⋆i

(dz(p, c)− dz(c, c⋆i )) (Defn. of τ)

≤ τ · (62z)zε−z+1rz (Defn. of Cfar)

≤ 0.25αnRr
z, (Ineq. (3.23))

i.e., Inequality (3.21) holds for general assignment structure constraint B.
When B = ∆k, we can safely regard (C, h) as (Ĉ, ĥ) where

• when t ∈ [k − 1], Ĉ = {c ∈ C : c ̸= c⋆i } ∪ c⋆i , and when t = k, Ĉ = C.
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• ĥc = hc for c ̸= c⋆i , and ĥc⋆i =
∑

c∈C:c=c⋆i
hc.

The only difference is that we only need to consider at most 2t+1 different functions ψs in the proof of Claim 8. This
difference enables us to set ΓR as in Inequality (3.17), which contains a factor of 2t instead of 2k in Inequality (3.16).
The remaining proofs are the same, and Inequality (3.21) holds when B = ∆k.

Thus, we complete the proof of Claim 6.

Now we are ready to prove ESR
[g(SR)] ≤ g(R) + αnRr

z. By Claims 5 and 6,

ESR
[g(SR)]

≤ εz−1α

2 · (62z)z
· (g(R) + (62z)zε−z+1nRr

z) + (1− εz−1α

2 · (62z)z
)(g(R) + 0.5αnRr

z)

≤g(R) + αnRr
z.

Thus, we complete the proof of Lemma 3.12.

Overall, we complete the proof of Lemma 3.10.

Combining with Definition 3.7, we are ready to prove Lemma 3.8.

Proof. [Proof of Lemma 3.8] Lemma 3.9 shows the correctness of Lemma 3.8 for all (C, h) ∈ Φ0. Hence, it suffices
to prove that for every t ∈ [k], with probability at least 1− δ

2k·|R| , the following holds for all (C, h) ∈ Φt:

| costz(R,C,B, h)− costz(SR, C,B, h)|

≤ ε (costz(R,C,B, h) + costz(R, c
⋆
i )) +

( t

10zkλR log ε−1

) 1
2 · ε costz(R, c⋆i ).

(3.24)

Lemma 3.8 is a direct corollary by the union bound.
Fix t ∈ [k] and let Ft ⊂ Φt be a (t, ε)-covering of (R,B) of size at most NX (R, t, ε,B). Let α =

( t
10zkλR log ε−1 )

1
2 ε. By Lemma 3.10, with probability at least 1 − δ

2k·|R| , for every (C, h) ∈ F , the following

holds:

|costz(R,C,B, h)− costz(SR, C,B, h)| ≤ ε costz(R,C,B, h) + α costz(R, c
⋆
i ).(3.25)

For every (C, h) ∈ Φt, there must exist (C ′, h′) ∈ Ft such that

costz(R,C,B, h) ∈ (1± 2ε) · (costz(R,C ′,B, h′) + ϕ(C, h))± εnRr
z,

and
costz(SR, C,B, h) ∈ (1± 2ε) · (costz(SR, C

′,B, h′) + ϕ(C, h))± εnRr
z.

Combining the above two inequalities with Inequality (3.25), we conclude that

|costz(R,C,B, h)− costz(SR, C,B, h)| ≤ O(ε) (costz(R,C,B, h) + costz(R, c
⋆
i )) +O(α) · costz(R, c⋆i ),

which completes the proof of Inequality (3.24).

Finally, we show how to prove Lemma 3.3 by shaving off the term log nR in Lemma 3.8. The main idea
is to use the iterative size reduction approach of [BJKW21a] that has been widely employed in recent works
[CSS21, CLSS22, BCJ+22] to obtain coresets of size independent of nR. The technique is somewhat standard and
we omit the details.

Proof. [Proof of Lemma 3.3] We can interpret SR as an L = O(log∗ |R|)-steps uniform sampling. Specifically,

set T = 2O(z log z) · λR · Lip(B)2 · ε−2z · log3(kε−1δ−1), and for i = 1, · · · , L, let S(i)
R be a uniform sample of size

Õ((ΓR+k)T ·(log(i)(|R|))3) from S
(i−1)
R where log(i) denotes the i-th iterated logarithm and S

(0)
R = R. We remark

that SR has the same distribution as S
(L)
R .

Copyright © 2025 by SIAM
Unauthorized reproduction of this article is prohibited4758

D
ow

nl
oa

de
d 

06
/1

9/
25

 to
 1

14
.9

4.
33

.4
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



Identical to the proof of Theorem 3.1 in [BJKW21a], we can obtain that with probability at least 1− δ

|R|·|S(i−1)
R |

,

for every (C, h),∣∣∣costz(S(i)
R , C,B, h)− costz(S

(i−1)
R , C,B, h)

∣∣∣ ≤ O(ε · (costz(R,C,B, h) + costz(R, c
⋆
i ))

(log(i) |R|) 1
2

)
.(3.26)

Summing (3.26) over i = 1, 2, .., L and applying the union bound, we finish the proof.

3.5 Proof of Lemma 3.4: Error Analysis for Groups Finally, we analyze the error induced by groups.
Throughout this section, we fix i ∈ [k] and a k-center set C ∈ X k. Technically, we prove that the inclusion of
assignment structure constraints B does not pose additional challenges compared to [BCJ+22]. This is due to
the subdivision of uncolored groups into at most k equivalent classes according to CG

far (Lemma 3.14) and the
projection of all centers to c⋆i for examination (Lemma 3.16). It is important to note that the introduction of B
does not impact the cost function when all centers are positioned at the same location (c⋆i ). These new geometric
observations conclude Lemma 3.4.

We recall the following group decomposition as in [BCJ+22].

Definition 3.8. (Colored and uncolored groups [BCJ+22]) Fix i ∈ [k] and a k-center set C ∈ X k. The
collection of groups Gi can be decomposed into colored groups and uncolored groups w.r.t. C such that

1. There are at most O(k log(zε−1)) colored groups;

2. For every uncolored group G ∈ Gi, center set C can be decomposed into two parts C = CG
close∪CG

far such that

• For any c ∈ CG
close and p ∈ G, d(c, c⋆i ) < ε

9z · d(p, c
⋆
i );

• For any c ∈ CG
far and p ∈ G, d(c, c⋆i ) > 24z

ε · d(p, c
⋆
i ).

Intuitively, for every uncolored group G ∈ Gi, every center c ∈ C is either very “close” or very “far” from G.
For every colored group G ∈ Gi, we use the following lemma to upper bound the induced error, which is a

corollary of Theorem 3.2 and Observation 2.

Lemma 3.13. (Error analysis of colored groups) Let G ∈ Gi be a colored group and h ∈ |G| · B be a feasible
capacity constraint of G. The following holds:

|costz(G,C,B, h)− costz(DG, C,B, h)| ≤ ε · costz(G,C,B, h) +
ε

k log(zε−1)
· costz(Pi, c

⋆
i ).

Proof. By Theorem 3.2, we know that costz(G, c
⋆
i ) ≤ ( ε

6z )
z · costz(Pi,c

⋆
i )

k·log(48z/ε) since G is a group. Then by Observation 2,

we have

|costz(G,C,B, h)− costz(DG, C,B, h)|

≤ ε · costz(G,C,B, h) + (
6z

ε
)z−1 · (cost(G, c⋆i ) + cost(DG, c

⋆
i )) (Ob. 2)

= ε · costz(G,C,B, h) + 2 · (6z
ε
)z−1 · cost(G, c⋆i ) (Defn. 3.5)

≤ ε · costz(G,C,B, h) +
ε

k log(zε−1)
· costz(Pi, c

⋆
i ), (Thm. 3.2)

which completes the proof.

Since there are at most O(k log(zε−1)) colored groups, the above lemma provides an upper bound of the error
induced by all colored groups G ∈ Gi. It remains to upper bound the error of uncolored groups. To this end, we
have the following lemma that further classifies the uncolored groups according to their CG

far.

Lemma 3.14. (Equivalent classes of uncolored groups w.r.t. CG
far) There exists a partition U1, . . . ,Uk of

Gi such that for every j ∈ [k], it holds that ∀G,G′ ∈ Uj , CG
far = CG′

far.
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Proof. To prove the desired result, it is sufficient to demonstrate that there are at most k distinct CG
far for G ∈ Gi.

In other words, we need to show that |{CG
far}G∈Gi

| ≤ k.
For any two groups G,G′ ∈ Gi, we can assume, without loss of generality, that

∀p ∈ G, p′ ∈ G′, d(p, c⋆i ) ≤ d(p′, c⋆i ).

According to the definition of CG
far and C

G′

far (see Definition 3.8), this implies that CG′

far ⊆ CG
far. Consequently,

if we let C1, . . . , Cl (with |C1| ≤ |C2| ≤ · · · ≤ |Cl|) represent different center sets in {CG
far}G∈Gi , it follows that

C1 ⊊ C2 ⊊ · · · ⊊ Cl ⊆ C. Therefore, we have |C1| < |C2| < · · · < |Cl| ≤ k, which implies |{CG
far}G∈Gi | ≤ k. This

completes the proof.

Our plan is to merge uncolored groups in each Uj and analyze their error as a whole. Specifically, for every
j ∈ [k], we define Uj :=

⋃
G∈Uj

G as the union of all groups in Uj , and define DUj
=
⋃

G∈Uj
DG as the union of

all two-point coresets of groups in Uj . The following lemma provides an upper bound on the error for each Uj .

Lemma 3.15. (Error analysis of DUj
’s) Fix j ∈ [k] and let h ∈ |Uj | · conv(Bo) be a feasible capacity constraint

of Uj, the following holds:

∣∣costz(Uj , C,B, h)− costz(DUj
, C,B, h)

∣∣ ≤ O(ε) · costz(Uj , C,B, h) +O

(
ε

k log(zε−1)

)
· costz(Pi, c

⋆
i ).

Lemma 3.15 provides a guarantee for each Uj similar to that of colored groups in Lemma 3.13. Since there are
at most k such groups, we can use Lemma 3.15 to upper bound the error induced by all uncolored groups in Gi.
We defer the proof of Lemma 3.15 later.

Proof. [Proof of Lemma 3.4] Fix a center set C ∈ X k and a capacity constraint h ∈ |G[i]| · conv(Bo).
Let Ci := {G ∈ Gi : G is colored} be the collection of all colored groups in Gi. Suppose a collection
{hG ∈ |G| · conv(Bo) : G ∈ Ci} ∪ {h(j) ∈ |Uj | · conv(Bo) : j ∈ [k]} of capacity constraints satisfy that

∑
G∈Ci

hG +

k∑
j=1

h(j) = h

and

(3.27) costz(G[i], C,B, h) =
∑
G∈Ci

costz(G,C,B, hG) +
k∑

j=1

costz(Uj , C,B, h(j)).

We have

costz(D[i], C,B, h)

≤
∑
G∈Ci

costz(DG, C,B, hG) +
k∑

j=1

costz(DUj , C,B, h(j)) (by optimality)

≤ (1 +O(ε))
∑
G∈Ci

costz(G,C,B, hG) + k log(zε−1) ·O
(
ε · costz(Pi, c

⋆
i )

k log(zε−1)

)
(Lemma 3.13)

+ (1 +O(ε))

k∑
j=1

costz(Uj , C,B, h(j)) + k ·O
(
ε · costz(Pi, c

⋆
i )

k log(zε−1)

)
(Lemma 3.15)

≤ (1 +O(ε)) costz(G[i], C,B, h) +O(ε) · costz(Pi, c
⋆
i ) (Eq. (3.27))

Similarly, we can obtain costz(G[i], C,B, h) ≤ (1+O(ε))·costz(D[i], C,B, h)+O(ε)·costz(Pi, c
⋆
i ) and thus complete

the proof.
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It remains to prove Lemma 3.15. In the following discussion, we fix j ∈ [k]. For the sake of simplicity, we slightly
abuse the notation by denoting Uj as U , DUj

as D, and the common CG
far among all groups G ∈ Uj as Cfar. Our

strategy is similar to that in the ring case, which first shifts the focus from C to ν(C) based on Lemma 3.6. Note
that for uncolored groups, ν(C) ≡ c⋆i since all centers in C are either in Cclose or Cfar, we have the following
inequality:

costz(U,C,B, h) ∈ (1 +
ε

4
) · (costz(U, c⋆i ,B, h) + ϕ(C, h)) ,

where ϕ(C, h) =
∑

c∈Cfar
∥h(·, c)∥1 · d(c, c⋆i ). Notice that

costz(U, c
⋆
i ,B, h) = min

σ∼(B,h)

∑
p∈U

∥σ(p, ·)∥1 · d(p, c⋆i ),

where the constraint h no longer constrains the capacities of the centers but still indicates the number (fraction)
of points in U that should be discarded as outliers. We formalize this result in the following lemma, which is a
direct corollary of Lemma 3.6 combined with above observations.

Lemma 3.16. (Reduce the capacity constraint of h on centers) For a feasible capacity constraint h ∈ |U | ·
conv(Bo) of U , let m := wU (U)− ∥h∥1 denote the number of outliers, then it holds that

costz(U,C,B, h) ∈ (1 +
ε

4
) ·
(
cost(m)

z (U, c⋆i ) + ϕ(C, h)
)
,

Here cost
(m)
z (U, c⋆i ) is defined as

(3.28) cost(m)
z (U, c⋆i ) := min

w:U→R≥0:∥w∥1=m,w≤wU

∑
p∈U

(wU (p)− w(p)) dz(p, c⋆i ),

where w ≤ wU denotes that ∀p ∈ U,w(p) ≤ wU (p).

Clearly, Lemma 3.16 works for D as well, i.e.,

costz(D,C,B, h) ∈ (1 +
ε

4
) ·
(
cost(m)

z (D, c⋆i ) + ϕ(C, h)
)
.

We remark that cost
(m)
z (U, c⋆i ) defined in (3.28) is the same as the objective of (k, z)-Clustering with m outliers,

which has been investigated in prior studies, such as [HJLW23]. The following lemma upper bounds the error

between cost
(m)
z (U, c⋆i ) and cost

(m)
z (D, c⋆i ).

Lemma 3.17. (Error analysis for cost
(m)
z (U, c⋆i )) For real number 0 ≤ m ≤ wU (U), it holds that

∣∣∣cost(m)
z (U, c⋆i )− cost(m)

z (D, c⋆i )
∣∣∣ ≤ ε · cost(m)

z (U, c⋆i ) +O

(
ε

k log(zε−1)

)
· costz(Pi, c

⋆
i ).

Proof. The lemma is implied by the proof of [HJLW23, Lemma 3.8]. For completeness, we present the proof here.
We separately prove the following two directions.

(3.29) cost(m)
z (D, c⋆i ) ≤ (1 + ε) cost(m)

z (U, c⋆i ) +O

(
ε

k log(zε−1)

)
· costz(Pi, c

⋆
i ),

(3.30) cost(m)
z (U, c⋆i ) ≤ (1 + ε) cost(m)

z (D, c⋆i ) +O

(
ε

k log(zε−1)

)
· costz(Pi, c

⋆
i ).
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Proof of (3.29) Let w⋆ : U → R≥0 be the solution of the optimization problem (3.28). Namely, it holds that

∥w⋆∥1 = m, w⋆(p) ≤ wU (p),∀p ∈ U and cost
(m)
z (U, c⋆i ) =

∑
p∈U (wU (p) − w⋆(p))dz(p, c⋆i ). Recall that for every

G ∈ Uj and p ∈ G, there exists a unique λp ∈ [0, 1] such that dz(p, c⋆i ) = λp · dz(pGclose, c⋆i ) + (1− λp) · dz(pGfar, c⋆i ),
then we construct w′ : D → R≥0 as follows: for every G ∈ Uj and c ∈ C,

w′(pGclose) =
∑
p∈G

λp · w⋆(p), and w(pGfar) =
∑
p∈G

(1− λp) · w⋆(p).

Note that ∥w′∥1 = ∥w⋆∥ = m, and w⋆(p) ≤ wU (p),∀p ∈ U implies that

w′(pGclose) ≤
∑
p∈G

λp · wU (p) = wD(pGclose), and w′(pGfar) ≤
∑
p∈G

(1− λp) · wU (p) = wD(pGfar).

Hence, w′ is a feasible solution of the optimization problem cost
(m)
z (D, c⋆i ). We have

cost(m)
z (D, c⋆i )

≤
∑
p∈D

(wD(p)− w′(p)) dz(p, c⋆i )

=
∑
G∈Uj

((
wD(pGclose)− w′(pGclose)

)
dz(pGclose, c

⋆
i ) +

(
wD(pGfar)− w′(pGfar)

)
dz(pGfar, c

⋆
i )
)

=
∑
G∈Uj

∑
p∈G

(wU (p)− w⋆(p))λp · dz(pGclose, c⋆i ) +
∑
p∈G

(wU (p)− w⋆(p))(1− λp) · dz(pGfar, c⋆i )


=

∑
G∈Uj

∑
p∈G

(wU (p)− w⋆(p)) · dz(p, c⋆i )

= cost(m)
z (U, c⋆i ),

which completes the proof of (3.29).
Proof of (3.30) Let {mG}G∈Uj

be a sequence of positive real numbers such that m =
∑

G∈Uj
mG and

cost
(m)
z (D, c⋆i ) =

∑
G∈Uj

cost
(mG)
z (DG, c

⋆
i ). We then de a case study for every group G ∈ Uj .

• If mG = 0, then cost
(mG)
z (G, c⋆i ) = costz(G, c

⋆
i ) and cost

(mG)
z (DG, c

⋆
i ) = costz(DG, c

⋆
i ). By definition

of two-point coresets (Definition 3.5), we have costz(DG, c
⋆
i ) = costz(G, c

⋆
i ) and hence cost

(mG)
z (G, c⋆i ) =

cost
(mG)
z (DG, c

⋆
i ).

• If mG = wD(DG) = wU (G), then cost
(mG)
z (G, c⋆i ) = cost

(mG)
z (DG, c

⋆
i ) = 0.

• If 0 < mG < wD(DG), we call such group a special group. By [HJLW23, Lemma 3.17], there are at most
O(1) special groups. By a similar argument as in the proof of Lemma 3.13, we can obtain the following
inequality.

cost(mG)
z (G, c⋆i ) ≤ (1 + ε) cost(mG)

z (DG, c
⋆
i ) +

ε · costz(Pi, c
⋆
i )

k log(zε−1)
.

Putting everything together, we have

cost(m)
z (U, c⋆i )

≤
∑
G∈Uj

cost(mG)
z (G, c⋆i )

≤ (1 + ε)
∑
G∈Uj

cost(mG)
z (DG, c

⋆
i ) +O(1) · ε · costz(Pi, c

⋆
i )

k log(zε−1)

= (1 + ε) cost(m)
z (D, c⋆i ) +O

(
ε

k log(zε−1)

)
· costz(Pi, c

⋆
i )
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which completes the proof.

Proof. [Proof of Lemma 3.15] Lemma 3.15 is a direct corollary of Lemma 3.16 and 3.17.

4 Bounding the Lipschitz Constant Lip(B)
In this section, we give upper and lower bounds for the Lipschitz constant Lip(B), for various notable cases of
B. In particular, we provide an upper bound Lip(B) for an important class of assignment structure constraints
B, called matroid basis polytopes (Theorems 4.1 and 4.2). We also show that Lip(B) may be unbounded with
knapsack constraints (Theorem 4.3). We review the definitions and some useful properties as follows.

Firstly, we introduce a general assignment structure constraint captured by the so-called matroid basis
polytope. For more information about matroid and matroid basis polytope, see the classic reference [Sch03].

Definition 4.1. (Matroid) Given a ground set E, a familyM of subsets of E is a matroid if

• ∅ ∈ M;

• If I ∈M and I ′ ⊂ I, then I ′ ∈M;

• If I, I ′ ∈M and |I| < |I ′|, then there must exist an element a ∈ I ′ \ I such that I ∪ {a} ∈ M.

Each I ∈ M is called an independent set. The maximum size of an independent set is called the rank of M,
denoted by rank(M). Each set I ∈M of size equal to the rank is called a basis ofM.

Matroid is a very general combinatorial structure that generalizes many set systems including uniform matroid,
partition matroid, laminar matroid, regular matroid, graphic matroid, transversal matroid and so on. Now we
define the matroid basis polytope.

Definition 4.2. (Matroid basis polytope) Let E be a ground set and let M be a matroid on E. For each
basis I ∈ M, let eI :=

∑
i∈I ei denote the indicator vector of I, where ei ∈ R|E| is the standard i-th unit vector.

The matroid basis polytope PM is the convex hull of the set

PM := {eI : I is a basis ofM} .

The following definition provides another description of PM by rank functions.

Definition 4.3. (Rank function and PM) Let E be a ground set of size n ≥ 1 and letM be a matroid on E.
The rank function rank : 2E → Z≥0 of M is defined as follows: for every A ⊆ E, rank(A) = maxI∈M |I ∩ A|.
Moreover, the matroid basis polytope can be equivalently defined by the following linear program (see e.g.,[Sch03]):

PM =
{
x ∈ Rn

≥0 :
∑
i∈A

xi ≤ rank(A),∀A ∈ A; ∥x∥1 = rank(M)
}
.

Let h ∈ PM be a point inside the matroid basis polytope. We say a subset A ⊆ E is tight on h if∑
i∈A hi = rank(A).

We also consider a specific type of matroid, called laminar matroid.

Definition 4.4. (Laminar matroid) Given a ground set E, a family of A of subsets of E is called laminar if
for every two subsets A,B ∈ A with A∩B ̸= ∅, either A ⊆ B or B ⊆ A. Assume E ∈ A and we define the depth
of a laminar A to be the largest integer ℓ ≥ 1 such that there exists a sequence of subsets A1, . . . , Aℓ ∈ A with
A1 ⊊ A2 ⊊ · · · ⊊ Aℓ = E.

We say a familyM of subsets of E is a laminar matroid if there exists a laminar A and a capacity function
u : A → Z≥0 such thatM = {I ⊆ E : |I ∩A| ≤ u(A),∀A ∈ A}.

By Definition 4.3, we know that rank(A) ≤ u(A) holds for every A ∈ A. Specifically, we can see that a uniform
matroid is a laminar matroid of depth 1 (i.e., there is a single cardinality constraint over the entire set E) and a
partition matroid is a laminar matroid of depth 2 (i.e., there is a partition of E and each partition has a cardinality
constraint).
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Technical Overview For B = ∆k which is the unconstrained case, we have Lip(B) = 1. However, the
geometric structure of B can indeed result in a significantly larger, even unbound, Lip(B). In particular,
we show that the value Lip(B) is unbounded, even for a very simple B defined by two knapsack constraints
(see Theorem 4.3). On the other hand, we do manage to show Lip(B) ≤ k − 1 for matroid basis polytopes
(Theorem 4.1). To analyze Lip(B) for the matroid case, we first show in Lemma 4.1 that it suffices to restrict
our attention to the case where the initial assignment σ corresponds to vertices of the polytope (or basis) and
so does terminal assignment σ′ (which we need to find). Our argument is combinatorial and heavily relies on
constructing augmenting paths (Definition 4.7). Roughly speaking, an augmenting path is defined by a sequence
of basis (I1, . . . , Im) and a sequence of elements (a0, a1, . . . , am) where each Ii is an initial basis and the following
exchange property holds: Ii∪{ai−1}\{ai} ∈ M for all i. The exchange property allows us to perform a sequence
of basis exchanges to transport the mass from a0 to am. Hence, the key is to find such an augmenting path in
which a0 is an element with ha0

< h′a0
and am is one with ham

> h′am
, for some h, h′ ∈ B. Then performing the

exchange operation reduces the value of ∥h−h′∥1 by 2τ with total transportation cost 2mτ for some small τ > 0.
Thus, Lip(B) is bounded by the path length m. We show that m ≤ k − 1 when B is a matroid basis polytope
(Claim 4.4). To show the existence of such an augmenting path, we leverage several combinatorial properties of
a matroid, as well as the submodularity of the rank function, and the non-crossing property of tight subsets. We
further improve the bound to m ≤ ℓ+ 1 for laminar matroid basis polytopes of depth at most ℓ ≥ 1 (Claim 4.5),
which results in bounds Lip(B) ≤ 2 for uniform matroids and Lip(B) ≤ 3 for partition matroids.

4.1 Lipschitz Constant for (Laminar) Matroid Basis Polytopes For ease of analysis, we first propose
another Lipschitz constant on B for general polytopes (Definition 4.6). For preparation, we need the following
notion of coupling of distributions (see e.g., [MU17]).

Definition 4.5. (Coupling of distributions) Given two distributions (µ, µ′) ∈ ∆m (m ≥ 1), κ : [m]× [m]→
R≥0 is called a coupling of (µ, µ′), denoted by κ ⊢ (µ, µ′), if

• For any i ∈ [m],
∑

j∈[m] κ(i, j) = µi;

• For any j ∈ [m],
∑

i∈[m] κ(i, j) = µ′
j.

Now we define the Lipschitz constant for a restricted assignment transportation problem, in which the initial and
terminal assignments are restricted to the vertices of polytope B.

Definition 4.6. (Lipschitz constant for restricted OAT) Let B ⊆ c ·∆k for some c > 0 be a polytope. Let
V denote the collection of vertices of B. Let h, h′ ∈ B be two points inside B. Let µ ∈ ∆|V | denote a distribution
on V satisfying that ∑

v∈V

µv · v = h.

We define

ÕAT(B, h, h′, µ) := min
µ′∈∆|V |:

∑
v∈V µ′

v·v=h′

κ⊢(µ,µ′)

∑
v,v′∈V

κ(v, v′) · ∥v − v′∥1

to be the optimal assignment transportation cost constrained to vertices of B. Define the Lipschitz constant for
the restricted OAT on B to be

L̃ip(B) := max
h,h′∈B

µ∈∆|V |:
∑

v∈V µv·v=h

ÕAT(B, h, h′, µ)
∥h− h′∥1

.

By definition, we know that L̃ip(B) = L̃ip(c · B) for any c > 0, i.e., L̃ip is scale-invariant on B. We will analyze

L̃ip(PM) for matroid basis polytopes in the later sections. Now, we show the following lemma that connects two
Lipschitz constants.

Lemma 4.1. (Relation between Lip(B) and L̃ip(B)) Let B ⊆ ∆k be a polytope. We have Lip(B) ≤ L̃ip(B).
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Proof. Let V denote the collection of vertices of B. We define a collection H of assignment functions σ such that

for every σ ∈ H: for every p ∈ [n], there exists a vertex v ∈ V such that σ(p,·)
∥σ(p,·)∥1

= v, i.e., the assignment vector

of each p ∈ [n] is equal to a scale of some vertex of B. We have the following claim.

Claim 9. (An equivalent formulation of Lip(B)) Lip(B) = maxh,h′∈B
σ∈H

OAT(B,h,h′,σ)
∥h−h′∥1

.

Proof. Fix h, h′ ∈ B and an assignment function σ ∼ (B, h). It suffices to show the existence of another assignment
function π ∈ H such that

OAT(B, h, h′, σ) ≤ OAT(B, h, h′, π).(4.31)

For every p ∈ [n], since σ(p,·)
∥σ(p,·)∥1

∈ B, we can rewrite

σ(p, ·) = ∥σ(p, ·)∥1 ·
∑
v∈V

αp
v · v

for some distribution αp ∈ ∆|V |. Now we consider a weighted set V together with weights wV (v) =∑
p∈[n] ∥σ(p, ·)∥1 ·αp

v, and we construct π : V ×C → R≥0 as follows: for every v ∈ V , let π(v, ·) = wV (v) · v. Since∑
v∈V

π(v, ·) =
∑

v∈V,p∈[n]

∥σ(p, ·)∥1 · αp
v · v (Defn. of π)

=
∑
p∈[n]

σ(p, ·) (Defn. of αp)

= h, (σ ∼ h)

we know that π ∼ (B, h), which implies that π ∈ H.
Let π′ : V × C → R≥0 with π′ ∼ (B, h′) be an assignment function such that

OAT(B, h, h′, π) =
∑
v∈V

∥π(v, ·)− π′(v, ·)∥1.

We construct an assignment function σ′ : [n]× [k]→ R≥0 as follows: for every p ∈ [n], let

σ′(p, ·) =
∑
v∈V

∥σ(p, ·)∥1 · αp
v

wV (v)
· π′(v, ·).

We first verify that σ′ ∼ (B, h′). Note that for every p ∈ [n]

∥σ′(p, ·)∥1 =
∑
v∈V

∥σ(p, ·)∥1 · αp
v

wV (v)
· ∥π′(v, ·)∥1 (Defn. of σ′)

= ∥σ(p, ·)∥1 ·
∑
v∈V

αp
v (Defn. of π′)

= ∥σ(p, ·)∥1, (αp ∈ ∆|V |)

which implies that σ′(p, ·) ∈ ∥σ(p, ·)∥1 · B. Also, we have∑
p∈[n]

σ′(p, ·) =
∑

p∈[n],v∈V

∥σ(p, ·)∥1 · αp
v

wV (v)
· π′(v, ·) (Defn. of π′)

=
∑
v∈V

π′(v, ·) (Defn. of wV (v))

= h′, (π′ ∼ h′)
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which implies that σ′ ∼ h′. Thus, σ′ ∼ (B, h′) holds. Finally, we have∑
p∈[n]

∥σ(p, ·)− σ′(p, ·)∥1

=
∑
p∈[n]

∥σ(p, ·)∥1 · ∥
∑
v∈V

αp
v · v −

αp
v

wV (v)
· π′(v, ·)∥1 (Defns. of αp and σ′)

≤
∑
p∈[n]

∑
v∈V

∥σ(p, ·)∥1 · αp
v

wV (v)
· ∥wV (v) · v − π′(v, ·)∥1

≤
∑
v∈V

∑
p∈[n]

∥σ(p, ·)∥1 · αp
v

wV (v)
· ∥π(v, ·)− π′(v, ·)∥1 (Defn. of π)

=
∑
v∈V

∥π(v, ·)− π′(v, ·)∥1, (Defn. of wV (v))

which completes the proof of Claim 9.

Fix h, h′ ∈ B and σ : [n]× [k]→ R≥0 ∈ H. We construct a distribution µ ∈ ∆|V | as follows: for every v ∈ V , let

µv =
∑

p∈[n]:σ(p,·)=∥σ(p,·)∥1·v

∥σ(p, ·)∥1.

By construction, we know that∑
v∈V

µv · v =
∑
v∈V

∑
p∈[n]:σ(p,·)=∥σ(p,·)∥1·v

∥σ(p, ·)∥1 · v (Defn. of µ)

=
∑
p∈[n]

σ(p, ·)

= h, (σ ∼ h).

Let µ′ ∈ ∆|V | with
∑

v∈V µ
′
v · v = h′ and κ ⊢ (µ, µ′) satisfy that

ÕAT(B, h, h′, µ) =
∑

v,v′∈V

κ(v, v′) · ∥v − v′∥1.

Next, we construct another assignment function σ′ ∼ (B, h′) as follows: for every p ∈ [n] with σ(p, ·) = ∥σ(p, ·)∥1 ·v,
let

σ′(p, ·) = ∥σ(p, ·)∥1
µv

·
∑
v′∈V

κ(v, v′) · v′.

Note that for every p ∈ [n], ∥σ′(p, ·)∥1 = ∥σ(p,·)∥1

µv
·
∑

v′∈V κ(v, v
′) = ∥σ(p, ·)∥1, which implies that σ′(p, ·) ∈

∥σ(p, ·)∥1 · B. Also, we have

∑
p∈[n]

σ′(p, ·) =
∑
v∈V

∑
p∈[n]:σ(p,·)=∥σ(p,·)∥1·v

∥σ(p, ·)∥1
µv

·
∑
v′∈V

κ(v, v′) · v′ (Defn. of σ′)

=
∑

v,v′∈V

κ(v, v′) · v′

=
∑
v′∈V

µv′ · v′ (κ ⊢ (µ, µ′))

= h′,
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which implies that σ′ ∼ (B, h′). Moreover,

OAT(B, h, h′, σ)

≤
∑
p∈[n]

∥σ(p, ·)− σ′(p, ·)∥1 (by optimality)

=
∑
v∈V

∑
p∈[n]:σ(p,·)=∥σ(p,·)∥1·v

∥σ(p, ·)− σ′(p, ·)∥1

=
∑
v∈V

∑
p∈[n]:σ(p,·)=∥σ(p,·)∥1·v

∥σ(p, ·)∥1
µv

· ∥µv · v −
∑
v′∈V

κ(v, v′) · v′∥1 (Defns. of σ and σ′)

=
∑
v∈V

∥µv · v −
∑
v′∈V

κ(v, v′) · v′∥1

≤
∑

v,v′∈V

κ(v, v′) · ∥v − v′∥1

= ÕAT(B, h, h′, µ), (Defns. of µ′ and κ)

(4.32)

which implies that

Lip(B) = max
h,h′∈B

σ∈H:∥σ∥1=1

OAT(B, h, h′, σ)
∥h− h′∥1

(Claim 9)

≤ max
h,h′∈B

µ∈∆|V |:
∑

v∈V µv·v=h

ÕAT(B, h, h′, µ)
∥h− h′∥1

(Ineq. (4.32))

= L̃ip(B).

Thus, we complete the proof.

4.1.1 Lipschitz Constant for Matroid Basis Polytopes For preparation, we need the following lemmas
that provide well-known properties of matroids; see [Sch03] for more details. The first is an easy consequence of
the submodularity of the rank function and the second easily follows from the exchange property of matroid.

Lemma 4.2. (Properties of rank function) Let E be a ground set and let M be a matroid on E with a rank
function rank : 2E → Z≥0. Let h ∈ PM be a point inside the matroid basis polytope. Recall that we say a subset
A ⊆ E is tight on h if

∑
i∈A hi = rank(A). If two subsets A,B ⊆ E are tight on h, then both A ∪ B and A ∩ B

are tight on h.

Lemma 4.3. (Circuit) Let E be a ground set of size n ≥ 1 and letM be a matroid on E. Let I ∈M be a basis
and a ∈ E \ I be an element. Let circuit C(I, a) be the smallest tight set on eI that contains a. We have that
C(I, a) ⊆ I and for every element b ∈ C(I, a), I ∪ {a} \ {b} ∈ M.

We show that Lip(PM) ≤ |E| − 1 for matroid basis polytopes by the following theorem. This theorem is useful
since |E| = k for every assignment structure constraint B, and hence, Lip(B) ≤ k − 1 when B is a scaled matroid
basis polytope.

Theorem 4.1. (Lipschitz constant for matroid basis polytopes) Let E be a ground set and let M be a

matroid on E. We have Lip(PM) ≤ L̃ip(PM) ≤ |E| − 1.

Proof. Let V = {eI : I is a basis ofM} be the vertex set of PM. Fix h, h′ ∈ PM and a distribution µ ∈ ∆|V |
with

∑
v∈V µv · v = h. We aim to show that

ÕAT(B, h, h′, µ) = min
µ′∈∆|V |:

∑
v∈V µ′

v·v=h′

κ⊢(µ,µ′)

∑
v,v′∈V

κ(v, v′) · ∥v − v′∥1 ≤ (|E| − 1) · ∥h− h′∥1.

We first have the following claim.
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Claim 10. (Path decomposition from h to h′.) There exists a sequence h(0) = h, h(1), . . . , h(m) = h′ ∈ PM
satisfying

1. For every i ∈ [m], ∥h(i−1) − h(i)∥0 = 2;

2.
∑

i∈[m] ∥h(i−1) − h(i)∥1 = ∥h− h′∥1.

Proof. We first show how to construct h(1) such that ∥h(0)−h(1)∥0 = 2 and ∥h(0)−h(1)∥1+∥h(1)−h′∥1 = ∥h−h′∥1.
Let H+ = {i ∈ E : hi > h′i} and H− = {i ∈ E : hi < h′i}. Consider for every element j ∈ H−, the

smallest tight set Sj on h that contains j (inclusion-wise). By Lemma 4.2, we know that such Sj is
unique. If Sj ∩ H+ ̸= ∅ for some j⋆ ∈ H−, we can choose an arbitrary element i⋆ ∈ Sj⋆ ∩ H+. Let
τ = minA⊆E:

∑
i∈A hi<rank(A)

{
rank(A)−

∑
i∈A hi

}
. We construct h(1) = h + τ · (ej⋆ − ei⋆). It is easy to see

that h(1) ∈ PM, since for every S ⊆ E,

1. If S is not tight on h, we have
∑

i∈S h
(1)
i ≤

∑
i∈S h

(0)
i + τ ≤ rank(S) by the definition of τ .

2. If S does not contain j⋆, then
∑

i∈S h
(1)
i ≤

∑
i∈S h

(0)
i ≤ rank(S) by the construction of h(1).

3. If S is tight on h and j⋆ ∈ S, then S must contain Sj⋆ by Lemma 4.2, which makes
∑

i∈S h
(1)
i =

∑
i∈S h

(0)
i ≤

rank(S).

Now, suppose for every j ∈ H− we have Sj ∩H+ = ∅. Consider the union U of all such Sjs. We can easily
see that H− ⊆ U and U ∩H+ = ∅. By Lemma 4.2, U is also tight on h, say

∑
i∈U hi = rank(U). Since h′ ∈ PM,∑

i∈U h
′
i ≤ rank(U). However, by the definition of H−, we have∑

i∈U

hi <
∑
i∈U

h′i ≤ rank(U),

which is a contradiction. Hence, this case is impossible and we can always find j ∈ H− with Sj ∩H+ ̸= ∅ and
construct h(1) = h+ τ · (ej⋆ − ei⋆).

We then can repeat the above procedure and construct a sequence h(1), h(2), . . .. By the previous argument,
at each iteration t we increase the number of tight sets on h(t) by at least one from h(t−1). Since there is a
finite number of tight sets (at most 2|E|), the above process terminates in a finite number of times and arrives h′.
Hence, we complete the proof of Claim 10.

Suppose ÕAT(B, h, h′, µ) ≤ (|E|−1) ·∥h−h′∥1 holds for the case of ∥h−h′∥0 = 2. Let µ(0) = µ. For every i ∈ [m],

we consecutively construct a distribution µ(i) ∈ ∆|V | with
∑

v∈V µ
(i)
v · v = h(i) and a coupling κ(i) ⊢ (µ(i−1), µ(i))

such that

ÕAT(B, h(i−1), h(i), µ(i−1)) =
∑

v,v′∈V

κ(i)(v, v′) · ∥v − v′∥1 ≤ (|E| − 1) · ∥h(i−1) − h(i)∥1.(4.33)

Then we have

ÕAT(PM, h, h′, µ) = min
µ′∈∆|V |:

∑
v∈V µ′

v·v=h′

κ⊢(µ,µ′)

∑
v,v′∈V

κ(v, v′) · ∥v − v′∥1

≤
∑
i∈[m]

∑
v,v′∈V

κ(i)(v, v′) · ∥v − v′∥1 (Defn. of κ(i))

≤ (|E| − 1) ·
∑
i∈[m]

∥h(i−1) − h(i)∥1 (Ineq. (4.33))

= (|E| − 1) · ∥h− h′∥1. (Claim 10)

Thus, we only prove for the case that h and h′ differ in exactly two entries ∥h−h′∥0 = 2. We define the following
augmenting path.
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Definition 4.7. (Augmenting path from h to h′) Let h and h′ be two vectors in B that differ in exactly two
entries, ∥h − h′∥0 = 2. W.l.o.g., we assume the corresponding two elements are s, t ∈ E with hs < h′s and
ht > h′t respectively. Let µ ∈ ∆|V | be the distribution associated with h (i.e.,

∑
v∈V µv · v = h). We say a

sequence of indicator vector of basis (v1 = eI1 , . . . , vm = eIm) together with a sequence of indices of elements
(a0 = s, a1, . . . , am−1, am = t) (ai ∈ E for 0 ≤ i ≤ m) form a weak augmenting path of length m ≥ 1 from h to h′

if

1. For every i ∈ [m], µvi > 0 (i.e., every vi appears in the support of µ);

2. For every i ∈ [m], Ii ∪ {ai−1} \ {ai} ∈ M (weak exchange property).

Here, we do not require that Iis and ais be distinct.
Moreover, we say (v1 = eI1 , . . . , vm = eIm) and (a0 = s, a1, . . . , am−1, am = t) form a strong augmenting path

if it is a weak augmenting path with the following additional properties:

1. All elements ai are distinct;

2. For every basis I ∈M, letting AI = {i ∈ [m] : Ii = I}, we have

Î = I ∪ {ai−1 : i ∈ AI} \ {ai : i ∈ AI} ∈ M. (strong exchange property)

Intuitively, given a weak augmenting path, we can perform a sequence of exchange of basis according to the weak
exchange property. As a result, we get a sequence of new basis so that the mass in a0 = s is transported to am = t.
However, there is a subtle technical problem that one basis may be used several times and we need to guarantee
it is still a basis after all exchange operations, which motivates the notion of strong exchange property. The
following crucial lemma shows that a strong augmenting path from h to h′ exists and its length can be bounded.

Lemma 4.4. (Existence of a strong augmenting path of length ≤ |E| − 1) Given h and h′ in B that differ
in exactly two entries, for any µ ∈ ∆|V | with

∑
v∈V µv · v = h, there exists a strong augmenting path of length at

most |E| − 1 from h to h′.

Proof. For preparation, we construct a (multi-edge) directed graph Gex, called the exchange graph. Gex has vertex
set E and the following set of edges: for every basis I ∈ M with µeI > 0, every element a ∈ E \ I and every
element b ∈ C(I, a), add a directed edge (a, b) with a certificate C(I, a) to the graph Gex.

Existence of A Weak Augmenting Path We first prove the existence of a weak augmenting path from h
to h′, which is equivalent to proving that there exists a path on Gex from vertex s to vertex t. By contradiction
assume that there does not exist such a path. Let E− be the collection of elements i ∈ E such that there exists
a path from s to i, and let E+ = E \ E−. We have that t ∈ E+. Since

∑
i∈E− hi <

∑
i∈E− h′i ≤ rank(E−), we

know that E− is not a tight set on h. Consequently, there must exist a basis I ∈ M with µeI > 0 such that
|I ∩ E−| < rank(E−). Let a ∈ E− \ I be an element such that (I ∩ E−) ∪ {a} ∈ M. If C(I, a) ⊆ E−, we have
C(I, a)∪{a} /∈M. However, C(I, a)∪{a} ⊆ (I ∩E−)∪{a} ∈ M, which is a contradiction. Hence, we have that
C(I, a) ∩ E+ ̸= ∅ and there exists an edge from a ∈ E− to some element in E+, which contradicts the definition
of E−.

Existence of A Strong Augmenting Path of Length ≤ |E| − 1 Among all weak augmenting path from
h to h′, we select a shortest one, say (v1 = eI1 , . . . , vm = eIm) and (a0 = s, a1, . . . , am−1, am = t). We claim that
a0 ̸= a1 ̸= . . . ̸= am. Assume that ai = aj for some 0 ≤ i < j ≤ m, we can see that (eI1 , . . . , eIi , eIj+1

, . . . , eIm)
and (a0 = s, a1, . . . , ai, aj+1, . . . , am−1, am = t) form a shorter weak augmenting path, which is a contradiction.
Since there are at most |E| different elements, we have that m ≤ |E| − 1.

Now we prove that (v1 = eI1 , . . . , vm = eIm) and (a0 = s, a1, . . . , am−1, am = t) already form a strong
augmenting path. Note that for every i ∈ [m], (ai−1, ai) is a direct edge on Gex with a certificate C(Ii, a). It is
easy to verify this when all v1, . . . , vm are distinct (i.e., each edge (ai−1, ai) is defined by a distinct basis).

Now, we consider the more difficult case where vis are not all distinct. Observe vi ̸= vi+1 (i.e., two adjacent
edges correspond to two different bases), since ai ∈ Ii and ai /∈ Ii+1 which implies Ii ̸= Ii+1. Fix a basis I ∈ M
with AI = {il ∈ [m] : t ∈ [T ], Iil = I} and |AI | ≥ 2. W.l.o.g., assume 0 ≤ i1 < i2 < . . . < iT ≤ m and we have
il+1 − il ≥ 2 for l ∈ [T − 1]. We first note that for any i < j ∈ AI , aj /∈ C(I, ai−1). Suppose, for contradiction
that aj ∈ C(I, ai−1). Based on the construction of graph Gex, (ai−1, aj) is also an edge with certificate C(I, aj).
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Consequently, (eI1 , . . . , eIi , eIj+1
, . . . , eIm) and (a0 = s, a1, . . . , ai−1, aj , aj+1, . . . , am−1, am = t) form a shorter

weak augmenting path, which is a contradiction.
Hence, we have that aj /∈ C(I, ai−1) holds for any i < j ∈ AI . We first swap aiT−1 and aiT and obtain a basis

I(T ) = I ∪ {aiT−1} \ {aiT }. The circuit C(I, aiT−1−1) is completely contained in I(T ) since aiT /∈ C(I, aiT−1−1),
and hence we can continuously perform the swap between aiT−1−1 and aiT−1

. By reduction, we have that

I(l) = I ∪ {ail−1, . . . , aiT−1} \ {ail , . . . , aiT } for every l ∈ [T ] is still a basis. Hence, Î = I(1) is a basis, which
completes the proof.

We consider the following procedure:

1. Find a strong augmenting path of length m ≤ |E| − 1 from h to h′, say (v1 = eI1 , . . . , vm = eIm) and
(a0 = s, a1, . . . , am−1, am = t).

2. Let τ = min
{
h′1 − h1,mini∈[m] µvi

}
. For every basis I ∈ M, let AI := {i ∈ [m] : Ii = I} and let

Î = I ∪ {ai : i ∈ AI} \ {ai−1 : i ∈ AI}.

3. Construct µ′′ ∈ ∆|V | as the resulting distribution of the following procedure: for every I ∈M with AI ̸= ∅,
reduce µeI by τ and increase µeÎ

by τ .

4. Let h′′ =
∑

v∈V µ
′′
v · v. If h′′ = h′, we are done. Otherwise, let h← h′′ and µ← µ′′, and iteratively run the

above steps for tuple (h, h′, µ).

After running an iteration, we can easily verify the following

1. ∥h′′ − h′∥0 ≤ 2, h′′1 − h1 = τ and h2 − h′′2 = τ .

2. ∥h′′ − h′∥1 = ∥h− h′∥1 − 2τ .

3. The total assignment transportation from µ to µ′′, say minκ⊢(µ,µ′′)

∑
v,v′∈V κ(v, v

′) · ∥v − v′∥1, is at most∑
I∈M:|I|=rank(M) τ · ∥eI − eÎ∥1 = 2mτ ≤ 2(|E| − 1)τ .

It means that we can reduce the value ∥h−h′∥1 by 2τ , by introducing at most 2(|E|−1)τ assignment transportation

for ÕAT(B, h, h′, µ). Hence, the required assignment transportation from h to h′ is at most (|E| − 1) · ∥h− h′∥1,
which implies that

ÕAT(PM, h, h′, µ) ≤ (|E| − 1) · ∥h− h′∥1.
Due to the arbitrary selection of h, h′ and µ, we complete the proof of Theorem 4.2.

4.1.2 Lipschitz Constant for Laminar Matroid Basis Polytopes Our main theorem for laminar matroid
basis polytopes is as follows.

Theorem 4.2. Let E be a ground set and let M be a laminar matroid on E of depth ℓ ≥ 1. We have

Lip(PM) ≤ L̃ip(PM) ≤ ℓ+ 1.

Proof. Let V = {eI : I is a basis ofM} be the vertex set of PM. Let A be the corresponding laminar and u be
the corresponding capacity function ofM. W.l.o.g., we assume u(A) = rank(A) for every A ∈M. Let h, h′ ∈ PM
and µ ∈ ∆|V | be a distribution on V satisfying that∑

v∈V

µv · v = h.

By the proof of Theorem 4.1, we only need to prove for the case that ∥h− h′∥0 = 2. W.l.o.g., we assume h1 < h′1
and h2 > h2. Again, by the same argument as in Theorem 4.1, it suffices to prove the following claim.

Lemma 4.5. There exists a strong augmenting path of length at most ℓ+ 1 from h to h′.

Proof. We again construct the exchange graph Gex as in the proof of Claim 4.4, and iteratively construct a strong
augmenting path from h to h′. Also recall that we assume hs < h′s and ht > h′t for some s, t ∈ E. Let A⋆ ∈ A be
the minimal set that contains {s, t}. Firstly, we find a vector v1 = eI1 with µv1 > 0 and a0 = s /∈ I1. Let A1 ∈ A
be the minimal set with a0 ∈ A1 and |I1 ∩ A1| = u(A1). Note that such A1 must exist, since I1 ∈ PM and we
have |I1 ∩ E| = rank(M) = u(E). We discuss the following cases.
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Case 1: A1 ⊇ A⋆ Since ht > h′t ≥ 0, there must exist a vertex v2 = eI2 with µv2 > 0 and a2 = t ∈ I2.
Note that |(I2 \ {a2}) ∩ A1| < |I1 ∩ A1| = u(A1). There must exist an element a1 ∈ I1 ∩ A1 such that
(I2 ∩ A1) ∪ {a1} \ {a2} ∈ M. Due to the laminar structure, we know that I2 ∪ {a1} \ {a2} ∈ M also holds.
Also, since (I1 ∩ A) \ ∪ {a0} \ {a1} ∈ M, we conclude that I1 ∪ {a0} \ {a1} ∈ M. Consequently, (v1, v2) and
(a0, a1, a2) form an augmenting path of length 2 from h to h′.

Case 2: A1 ⊊ A⋆ We know that
∑

i∈A1
h′i − hi = h′s − hs > 0. Thus, we must have∑

eI∈V

µeI · |I ∩A1| =
∑
i∈A1

hi (Defn. of µ)

<
∑
i∈A1

h′i

≤ u(A1), (h′ ∈ PM)

which implies the existence of a vertex v2 = eI2 ∈ V with µv2 > 0 and |I2 ∩ A1| < u(A1). Since
u(A) = |I1 ∩ A1| > |I2 ∩ A1|, there must exist an element a1 ∈ I1 ∩ A1 such that (I2 ∩ A1) ∪ {a1} ∈ M.
Also note that since I1 ∪ {a0} only violates the capacity constraint on sets A ⊇ A1 (A ∈ A) by the fact thatM
is a laminar matroid, we have that I1 ∪ {a0} \ {a1} ∈ M.

Note that I2 ∪ {a1} can only violates the capacity constraint on sets A ⊋ A1 (A ∈ A). We can again find
A2 ∈ A be the minimal set with a1 ∈ A2 and |I2 ∩ A2| = u(A2), and recursively apply the above argument to

tuple (I2, a1, A2) until arriving Am−1 ⊇ A⋆. Since the operation on I1, say Ĩ1 = I1 ∪ {a0} \ {a1} ∈ M, maintains

the number |Ĩ1 ∩A2| = |I1 ∩A2|, we have that if A2 ⊊ A⋆, the following inequality holds∑
eI∈V

µeI · |I ∩A1|+ µeI1
(|Ĩ1 ∩A2| − |I1 ∩A2|) < u(A2).

Hence, the above argument can be applied to tuple (I2, a1, A2).
Overall, we can get an augmenting path (v1 = eI1 , . . . , vm = eIm) and (a0 = s, a1, . . . , am−1, am = t), together

with a certificate set sequence A1 ⊊ A2 ⊊ . . . ⊊ Am−1 where Am−1 ⊇ A⋆. Since the depth of M is ℓ, we have
m− 1 ≤ ℓ. Thus, we complete the proof of Claim 4.5.

Overall, we complete the proof of Theorem 4.2.

4.2 Lipschitz Constant Lip(B) can be Unbounded We show that Lip(B) can be extremely large by
considering the following assignment structure constraints B, called knapsack polytopes.

Definition 4.8. (Knapsack polytope) Let A ∈ Rm×k
≥0 be a non-negative matrix. We say an assignment

structure constraint B ∈ ∆k is A-knapsack polytope if

B = {x ∈ ∆k : Ax ≤ 1} ,

where Ax ≤ 1 is called knapsack constraints.

.
Our result is as follows.

Theorem 4.3. (Lipschitz constant may be unbounded for knapsack polytope) Let m = 2 and k = 3.
For any U > 0, there exists a matrix A ∈ Rm×k

≥0 such that the Lipschitz constant Lip(B) of the A-knapsack polytope
B satisfies Lip(B) ≥ U .

Proof. We construct A by A1 = ( 10U+2
5U+3 ,

4
5U+3 , 0) and A2 = ( 10U+2

5U+3 , 0,
4

5U+3 ). Let h = ( 12 ,
1
4 ,

1
4 ) and h′ =

( 12+
1

10U ,
1
4−

1
20U ,

1
4−

1
20U ). We can check that h, h′ ∈ B and specifically, h′ is a vertex of B. Let σ : [2]× [3]→ R≥0

be defined as follows:

σ(1, ·) = (
1

4
,
1

4
, 0), and σ(2, ·) = (

1

4
, 0,

1

4
).
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We know that σ ∼ (B, h). Since h′ is a vertex of B, there is only one σ′ : [2] × [3] → R≥0 with σ′ ∼ (B, h′) and
∥σ′(p, ·)∥1 = ∥σ(p, ·)∥1 for p ∈ [2], say

σ′(1, ·) = 1

2
· h′, and σ′(2, ·) = 1

2
· h′

for some α ∈ [0, 1]. Thus, we have ∑
p∈[2]

∥σ(p, ·)− σ′(p, ·)∥1 =
1

2
+

3

20U
.

However, ∥h− h′∥1 = 1
5U , which implies that

Lip(B) ≥ OAT(B, h, h′, σ) · ∥h− h′∥1 = (
1

2
+

3

20U
)/(

1

5U
)· > U.

This completes the proof.

5 Bounding the Covering Exponent Λε(X )
As we show in Theorem 3.1, the covering exponent Λε(X ) is a key parameter for the complexity of the metric
space. In this section, we give several upper bounds of Λε(X ), against several other well-known notions of
“dimension” measure of the metric space (X , d), which enables us to obtain coresets for constrained clustering in
various metric spaces (see Remark 1 for a summary of the concrete metric families that we can handle). We first
introduce the shattering dimension (Definition 5.2), and show its relation to the covering exponent in Lemma 5.1.
This relation helps to translate the upper bounds for the shattering dimension (which is rich in the literature)
to small-size coresets (Corollary 5.1). Then we consider the doubling dimension (Definition 5.3), and show the
covering exponent is bounded by the doubling dimension (Lemma 5.2).

Shattering Dimension As was also considered in recent papers [BBH+20, BJKW21a, BCJ+22], we employ
the following notion of shattering dimension of (the ball range space of) metric space (see also e.g. [Hp11]).

Definition 5.1. (Ball range space) A ball Ball(x, r) = {y ∈ X | d(x, y) ≤ r} is determined by the center
c ∈ X and the radius r > 0. Let Balls(X ) = {Ball(x, r) | x ∈ X , r > 0} denote the collection of all balls in X .
(X ,Balls(X )) is called the ball range space of X . For P ⊂ X , let

P ∩ Balls(X ) := {P ∩ Ball(x, r) | Ball(x, r) ∈ Balls(X )}.

We are ready to define the shattering dimension.

Definition 5.2. (Shattering dimension of ball range spaces) The shattering dimension of (X ,Balls(X )),
denoted by dim(X ) is the minimum positive integer t such that for every P ⊂ X with |P | ≥ 2,

|P ∩ Balls(X )| ≤ |P |t

A closely related notion to shattering dimension is the well-known Vapnik-Chervonenkis dimension [VC71].
Technically, they are equivalent up to only a logarithmic factor (see e.g., [Hp11]). The applications of shattering
dimension in designing small-sized coresets for unconstrained (k, z)-Clustering stem from the work [FL11],
which are followed by [HJLW18, BBH+20, BJKW21a]. However, all these works require to bound the shattering
dimension of a more complicated weighted range space. Only recently, this complication of weight in the range
space is removed in the uniform sampling framework by [BCJ+22], which only requires to consider the unweighted
ball range space (Definition 5.1).

We have the following lemma that upper bounds the covering number via the shattering dimension.

Lemma 5.1. For every α > 0, we have Λα(X ) ≤ O
(
dim(X ) · z2α−1ε−1

)
.

Proof. We fix an unweighted dataset P ⊆ Ball(a, rmax) of n ≥ 2 points. For ease of statement, we use r to represent
rmax in the following. We upper bound NX (P, α) by constructing an α-covering C. For every x ∈ Ball(a, 24zr/ε),
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let fx(y) = d(x, y), y ∈ P denote its distance function. We round fx(y) to obtain an approximation f̃x such that

∀y ∈ P, f̃x(y) = ⌊ 24z·d(x,y)αr ⌋ · αr
24z . Let Fα = {f̃x | x ∈ Ball(a, 24zr/ε)} and for each f̃ ∈ Fα, we add exactly one x0

such that f̃x0 = f̃ into C (notice that there can be multiple x’s that have the same approximation f̃x, we include
only one of them).

We claim that C is already an α-covering of P . To see this, note that for every x ∈ Ball(a, 24zr/ε), by
construction, ∀y ∈ P, |f̃x(y)− fx(y)| ≤ αr

24z and also by construction, there exists c ∈ C such that f̃c = f̃x. So we
conclude that for every

max
p∈P
|d(x, y)− d(c, y)| ≤ αr

24z
+

αr

24z
=

αr

12z
.

It remains to upper bound the size of C. To achieve this goal, we first construct a family of distance functions

Gα. Let T = O( z2

α·ε ). We start with enumerating all possible collections of subsets {Hi | i = 0, 1, · · · , T} satisfying
the followings

1. Hi ∈ P ∩ Balls(X ) (Definition 5.1),

2. HT ⊆ HT−1 ⊆ · · · ⊆ H0 ⊆ P .

By the definition of the shattering dimension, we know that |P ∩ Balls(X )| ≤ |P |dim(X ). So there are at most

(|P |dim(X ))O(z2α−1ε−1) = |P |O(dim(X )·z2α−1ε−1) collections of such {Hi | i = 0, · · ·T}.
Fix a collectionH = {Hi | i = 0, 1, · · · , T}, we construct a corresponding distance function gH as the following.

For every p ∈ P , let ip denote the maximum integer i ∈ {0, · · · , T} such that p ∈ Hi. Let gH(p) = ip · αr
24z . Let

Gα denote the subset of all possible gH’s constructed as above.
Now we claim that |C| ≤ |Gα| since |Gα| ≤ nO(z2α−1ε−1·dim(M)), which completes the proof. It suffices

to show that Fα ⊆ Gα. To prove Fα ⊆ Gα, we fix f̃x ∈ Fα and show that there must exist a realization
H = {Hi | i = 0, 1, · · · , T} such that gH = f̃x. To see this, we simply let Hi = {y ∈ P | f̃x(y) ≤ i · αr

24z}. It is
obvious that Hi ∈ P ∩ Balls(X ) and HT ⊆ · · · ⊆ H0, thus H is a valid realization of the enumeration. Moreover,
by construction, we know that gH = f̃x.

Applying Λε(X ) = Oz(dim(X ) · ε−2) to Theorem 3.1, we have the following corollary that bounds the coreset size
via dim(X ).

Corollary 5.1. (Relating coreset size to shattering dimension) Let (X , d) be a metric space, k ≥ 1,m ≥
0 be integers, and z ≥ 1 be a constant. Let ε, δ ∈ (0, 1) and B ⊆ ∆k be a convex body specifying the assignment
structure constraint. There exists a randomized algorithm that given a dataset P ⊆ X of size n ≥ 1 and an
(2O(z), O(1), O(1))-approximation C⋆ ∈ X k of P for (k, z)-Clustering with m outliers, constructs an (ε,B,m)-
coreset for (k, z)-Clustering with general assignment constraints of size

O(m) + 2O(z log z) · Õ(Lip(B)2 · (dim(X ) · ε−2 + k) · k2ε−2z) · log δ−1,

in O(nk) time with probability at least 1− δ. Moreover, when B = ∆k, the coreset size can be further improved to

O(m) + 2O(z log z) · Õ(dim(X ) · k2ε−2z−2) · log δ−1.

Doubling Dimension Doubling dimension is an important generalization of Euclidean and more generally
ℓp spaces with the motivation to capture the intrinsic complexity of a metric space [Ass83, GKL03]. Metric
spaces with bounded doubling dimensions are known as doubling metrics. For unconstrained clustering, small-
sized coresets were found in doubling metrics [HJLW18, CSS21].

Definition 5.3. (Doubling dimension [Ass83, GKL03]) The doubling dimension of a metric space (X , d)
is the least integer t, such that every ball can be covered by at most 2t balls of half the radius.

Lemma 5.2. For every α > 0, we have Λα(X ) ≤ O
(
ddim(X ) · log(zα−1ε−1)

)
.

Proof. The proof is standard and we provide it for completeness. Fix an unweighted dataset P ⊆ Ball(a, rmax)
of n ≥ 2 points. For ease of statement, we use r to represent rmax in the following. By the definition of doubling
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dimension, Ball(a, 24zr/ε) has an αr
12z -net of size ( z

α·ε )
O(ddim(X )). By the triangle inequality, we can see that this

net is an α-covering of X . So we have

NX (P, α) ≤ (
z

α · ε
)O(ddim(X )) ≤ nO(ddim(X )·log(zα−1ε−1)).

Due to the arbitrary selection of P and n ≥ 2, we have Λα(X ) ≤ O
(
ddim(X ) · log(zα−1ε−1)

)
, which completes

the proof.

Similarly, applying Λε(X ) = Õ(ddim(X )) to Theorem 3.1, we have the following corollary that bounds the coreset
size via ddim(X ).

Corollary 5.2. (Relating coreset size to doubling dimension) Let (X , d) be a metric space, k ≥ 1,m ≥ 0
be integers, and z ≥ 1 be a constant. Let ε, δ ∈ (0, 1) and B ⊆ ∆k be a convex body specifying the assignment
structure constraint. There exists a randomized algorithm that given a dataset P ⊆ X of size n ≥ 1 and an
(2O(z), O(1), O(1))-approximation C⋆ ∈ X k of P for (k, z)-Clustering with m outliers, constructs an (ε,B,m)-
coreset for (k, z)-Clustering with general assignment constraints of size

O(m) + 2O(z log z) · Õ(Lip(B)2 · (ddim(X ) + k + ε−1) · k2ε−2z) · log δ−1,

in O(nk) time with probability at least 1− δ. Moreover, when B = ∆k, the coreset size can be further improved to

O(m) + 2O(z log z) · Õ(ddim(X ) · k2ε−2z) · log δ−1.

Remark 1. (Covering exponents for special metrics) We list below several examples of metric spaces that
have bounded covering exponent, which is obtained by using Corollary 5.1 or Corollary 5.2.

• Let (X , d) be an Euclidean metric Rd. We have ddim(X ) ≤ d + 1 and hence, Λε(X ) ≤ Õ(d) by
Lemma 5.2. Once we have the bound Λε(X ) ≤ Õ(d), we can further assume d = Õ(ε−2 log k) by applying a
standard iterative size reduction technique introduced in [BJKW21a], which has been applied in other coreset
works [CLSS22, BCJ+22]. This idea yields a coreset of size 2O(z log z) · Õ(Lip(B)2 ·k2ε−2z−2) · log δ−1, which
removes the dependence of d.

• Let (X , d) be a doubling metric with bounded doubling dimension ddim(X ). We directly have Λε(X ) ≤
Õ(ddim(X )) by Lemma 5.2.

• Let (X , d) be a general discrete metric. Note that ddim(X ) ≤ log |X |, and hence, we have Λε(X ) ≤ Õ(log |X |)
by Lemma 5.2.

• Let (X , d) be a shortest-path metric of a graph with bounded treewidth t. By [BT15, BBH+20], we know
that dim(M) ≤ O(t), which implies that Λε(X ) ≤ Õ(tε−2) by Lemma 5.1.

• Let (X , d) be a shortest-path metric of a graph that excludes a fixed minor H. By [BT15], we know that
dim(M) ≤ O(|H|), which implies that Λε(X ) ≤ Õ(|H| · ε−2) by Lemma 5.1.

Acknowledgement

Jian Li was supported in part by the National Natural Science Foundation of China Grant 62161146004. Xuan
Wu was supported by the Singapore Ministry of Education (AcRF) Tier 2 grant MOE-T2EP20122-0001.

References

[ABM+19] Marek Adamczyk, Jaroslaw Byrka, Jan Marcinkowski, Syed Mohammad Meesum, and Michal Wlodarczyk.
Constant-factor FPT approximation for capacitated k-median. In ESA, volume 144 of LIPIcs, pages 1:1–1:14. Schloss
Dagstuhl - Leibniz-Zentrum für Informatik, 2019.

[AMT13] Zeinab Abbassi, Vahab S. Mirrokni, and Mayur Thakur. Diversity maximization under matroid constraints. In
KDD, pages 32–40. ACM, 2013.

Copyright © 2025 by SIAM
Unauthorized reproduction of this article is prohibited4774

D
ow

nl
oa

de
d 

06
/1

9/
25

 to
 1

14
.9

4.
33

.4
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



[Ass83] Patrice Assouad. Plongements lipschitziens dans Rn. Bulletin de la Société Mathématique de France, 111:429–448,
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A Application of Theorem 3.1: Simultaneous Coresets for Multiple B’s
Since our coreset can handle all capacity constraints simultaneously, one may be interested in whether our coresets
can also handle multiple assignment structure constraints B’s simultaneously as well. We show that this is indeed
possible for several families of B. A similar idea, called simultaneous or one-shot coresets, has also been considered
in the literature [BLL18, BJKW19]. This type of coresets is particularly useful when some key hyper-parameters,
in our case B, are not given/known but need to be figured out by experiments, since a single coreset can be reused
to support all the experiments. Fortunately, our coreset in Theorem 1.1 has a powerful feature that it does not
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use any specific structure of the given B except an upper bound of Lip(B) in the algorithm. Hence, for a family F
of m ≥ 1 different B’s, one can apply Theorem 1.1 with a union bound, so that with an additional poly(log(m))
factor in the coreset size, the returned coreset is a coreset for all B’s in F simultaneously. Below, we discuss the
size bounds of the simultaneous coresets for two useful families F and their potential applications.

1. Let F be the collection of all (scaled) uniform matroid basis polytopes (Lip(B) ≤ 2). Since the ground set is
[k], we have |F| = k (each corresponding to a cardinality constraint). Then we can achieve a simultaneous
coreset S for every B ∈ F by increasing the coreset size in Theorem 1.1 by a multiplicative log k factor, say
Õz(Λε(X ) · k2ε−2z). Consequently, S is a simultaneous coreset for all fault-tolerant clusterings.

2. Let F be the collection of all (scaled) partition matroid basis polytopes (Lip(B) ≤ 3). Since the ground set
is [k], there are at most kk partition ways. For each partition, there are at most kk different selections of
rank functions (see Definition 4.3). Thus, we have |F| ≤ k2k and we can achieve a simultaneous coreset
for every B ∈ F by increasing the coreset size in Theorem 1.1 by a multiplicative k log(2k) factor, say
Õz(Λε(X ) · k3ε−2z).

B Missing Proofs in Section 2

B.1 Proof of Claim 1: Capacitated Clustering

Proof. Fix a center set C ∈ X k. Let σ⋆ be an assignment that achieves the optimal capacitated clustering cost
on P with respect to C, i.e.,

min
σ: ∥σ∥1=n−m,σ∼B

ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (P,C) = costσ
⋆

z (P,C).

Let h⋆ ∈ (n−m) · B such that σ⋆ ∼ h⋆. Then we have

costσ
⋆

z (P,C) = costz(P,C,B, h⋆).

Since ℓc ≤ ∥σ(·, c)∥1 ≤ uc for ∀c ∈ C, we know that ℓc ≤ hc ≤ uc. Thus, we have

costσ
⋆

z (P,C) = min
h: h⋆∈(n−m)·B

ℓc≤hc≤uc,∀c∈C

costσz (P,C).

Similarly, we have

min
σ: ∥σ∥1=n−m,σ∼B

ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (S,C) = min
h: h⋆∈(n−m)·B

ℓc≤hc≤uc,∀c∈C

costσz (S,C).

By Definition 2.4, costz(S,C,B, h⋆) ≤ (1 + ε) costz(P,C,B, h⋆) . We also have

min
σ: ∥σ∥1=n−m,σ∼B

ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (S,C) ≤ costz(S,C,B, h⋆)

Combining the above two inequalities, we conclude that

min
σ: ∥σ∥1=n−m,σ∼B

ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (S,C) ≤ (1 + ε) · min
σ: ∥σ∥1=n−m,σ∼B

ℓc≤∥σ(·,c)∥1≤uc,∀c∈C

costσz (P,C).

The other direction can be proved in the same way, which completes the proof.

B.2 Proof of Claim 2: Fair Clustering

Proof. The idea is similar to that of [HJV19, Theorem 4.2], while we additionally consider a total capacity
constraint. Fix a center set C ∈ X k.
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We first consider the simple case that Γ = 1 in which all Gp’s are the same. Fix a center c. For each i ∈ Gp,
we have that |σ−1(c)∩Gi|

|σ−1(c)| = 1; and for each i /∈ Gp, we have that |σ−1(c)∩Gi|
|σ−1(c)| = 0. Then if there exists some group

Gi with (i ∈ Gp) ∧ (ui < 1), or with (i /∈ Gp) ∧ (ui > 0) holds, there is no feasible solution for the fair clustering
problem with outliers. Otherwise, the fair clustering problem with outliers is reduced to a clustering problem
with outliers. Thus, by the assumption of Claim 2, an ε-coreset exists for the fair clustering problem with outliers
of size at most A.

For the general case that Γ ≥ 1, we partition P into Γ disjoint subsets P1, . . . , PΓ in which all points p ∈ Pj

correspond to the same collection Gp for each j ∈ [Γ]. For each j ∈ [Γ], we let Gj denote the corresponding
collection Gp of p ∈ Pj . Suppose Sj ⊆ Pj is an (ε,∆k,m

′)-coreset of Pj of size at most A for all 0 ≤ m′ ≤ m.
Then it suffices to prove that S :=

⋃
j∈[Γ] Sj is an ε-coreset for the fair clustering problem with outliers.

The remaining proof is similar to that of Claim 1. Let h(j) ∈ Rk
≥0 be the capacity vector of group j ∈ [Γ].

Also, let σ(j) : Pj × C → R≥0 be the assignment function of group j. Let σ : P × C → R≥0 be the union
assignment function of σ(1), . . . , σ(s). We have for every i ∈ [s] and c ∈ C,

|σ−1(c)| =
∑
j∈[Γ]

h(j)c , and |σ−1(c) ∩Gi| =
∑
j∈[Γ]

I [i ∈ Gj ] · h(j)c ,

where I [·] is the indicator function. Then a fairness constraint ℓi ≤ |σ−1(c)∩Gi|
|σ−1(c)| ≤ ui is equivalent to

ℓi ≤
∑

j∈[Γ] I [i ∈ Gj ] · h
(j)
c∑

j∈[Γ] h
(j)
c

≤ ui.

Thus, to check whether σ satisfies all fairness constraints, we only need the information of vectors h(1), . . . , h(Γ).
Consequently, there must exist vectors h(1), . . . , h(Γ) with

∑
j∈[Γ] h

(j) = h, |Pj |−m ≤ ∥h(j)∥1 ≤ |Pj | for all j ∈ [Γ]
and

ℓi ≤
∑

j∈[Γ] I [i ∈ Gj ] · h
(j)
c∑

j∈[Γ] h
(j)
c

≤ ui

for all i ∈ [s] and c ∈ C, such that

min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (P,C) =
∑
j∈[Γ]

costz(Pj , C,∆k, h
(j)).

By the definition of Sj , we know that∑
j∈[Γ]

costz(Pj , C,∆k, h
(j)) ≥ (1− ε) ·

∑
j∈[Γ]

costz(Sj , C,∆k, h
(j))

≥ (1− ε) · min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (S,C).

Thus, we conclude that

min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (P,C) ≥ (1− ε) · min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (S,C).

Similarly, we can prove that

min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (P,C) ≤ (1 + ε) · min
σ: ∥σ∥1=n−m

ℓi≤∥σ(·,c)∥1≤ui,∀i∈[s],c∈C

costσz (S,C).

This completes the proof.
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C Proof of Lemma 3.7: Relation between Two Covering Notions

Lemma C.1. (Restatement of Lemma 3.7) Let B be an assignment structure constraint. For every β > 0
and t ∈ [k], we have

logNX (R, t, β,B) ≤O
(
t · logNX (nR, β)) + zk · log(Lip(B) · zε−1β−1)

)
≤O

(
Λβ(X ) · t log nR + zk · log(Lip(B) · zε−1β−1)

)
.

Moreover, when B = ∆k, we have

logNX (R, t, β,B) ≤ O
(
Λβ(X ) · t log nR + zt · log(zkε−1β−1)

)
.

Proof. For preparation, we provide the following lemma.

Lemma C.2. (Extension of Lip(B) to conv(Bo)) Suppose there are real numbers a ≥ b > 0, constraints
h ∈ aB, h′ ∈ bB, and σ ∼ (aB, h) then there exists σ′ ∼ (bB, h′) such that ∥σ − σ′∥ ≤ 3Lip(B) · ∥h− h′∥1.

Proof. By definition of Lip(B), there exists π ∼ (aB, abh
′) such that

∥π − σ∥1 ≤ Lip(B) · ∥h− a

b
h′∥1.

Let σ′ = b
aπ, obviously σ ∼ (bB, h′). Moreover,

∥σ′ − σ∥1 ≤ ∥σ′ − π∥1 + ∥σ − π∥

≤ |a− b|
b
· ∥σ′∥1 + Lip(B) · |h− a

b
h′|

≤ |a− b|+ Lip(B) · (∥h− h′∥1 +
|a− b|
b
· ∥h′∥1)

= |a− b|+ Lip(B) · (∥h− h′∥1 + |a− b|)
≤ 3Lip(B) · ∥h− h′∥1

where for the last inequality, we use the triangle inequality to obtain ∥h− h′∥1 ≥ |∥h∥1 − ∥h′∥1| = |a− b|.

We first show how to construct an β-covering F ⊂ Φt w.r.t. (R,B) with the desired size and covering property.
For center sets, let C denote the β-covering of B(c⋆i ,

48zr
ε ) and for technical convenience we also add c⋆i into C.

Let C[t] denote the collection of k-tuples (c1, c2, . . . , ck) satisfying that

• exactly k − t centers c = c⋆i ;

• the remaining t centers are selected from C.

For capacity constraints, let N denote an l1-distance
β·εz

12·(48z)z·Lip(B) -net of conv(Bo), namely, for every h ∈
conv(Bo), there exists h′ ∈ N such that ∥h − h′∥1 ≤ β·εz

12·(48z)z·Lip(B) . Since B ⊆ ∆k, we know that |N | ≤
( z·Lip(B)

β·εz )O(k). We let F := C[t]× nRN to be the Cartesian product of C and nRN . By construction, we have

log |F| ≤ t log k + t log |C|+ log |N | ≤ O
(
t · logNX (n, β) + zk · log(Lip(B) · zβ−1ε−1)

)
.

Then it remains to show that F is an (t, β)-covering w.r.t. (R,B).
Now we fix a pair (C, h) ∈ Φt. We show that there exists (C ′, h′) ∈ F such that for every Q ⊆ R,wQ(Q) = nR,

costz(Q,C,B, h) ∈
(
1± (β + ε)

)
· costz(Q,C ′,B, h′)± βnRrz.

By Lemma 3.6, it suffices to prove that

costz(Q, ν(C),B, h) ∈ (1± β) · costz(Q,C ′,B, h′)± βnRrz.(C.1)
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For the construction of C ′, we let c′ = c⋆i for every c ∈ C with ν(c) = c⋆i , and let c′ be the closest point
in C for the remaining c ∈ C. For the construction of h′, we know that there exists h̃ ∈ nRN such that
∥h̃− h∥1 ≤ β·εz

12·(48z)z·Lip(B) · nR. We define a capacity constraint h′ on C ′ such that ∀c ∈ C, h′(c′) = h̃(c).

In the following, we fix a weighted Q ⊆ Ball(a, r) with total weight nR and prove Inequality (C.1). For
ease of analysis, we slightly abuse the notation by using C to replace ν(C) in the following. Assume σ is the
corresponding optimal assignment for costz(Q,C,B, h) and expand it as

costz(Q,C,B, h) =
∑
p∈Q

∑
c∈C

σ(p, c) · dz(p, c).

It suffices to prove the following inequality:

costz(Q,C
′,B, h′) ∈ (1± β) ·

∑
p∈Q

∑
c∈C

σ(p, c) · dz(p, c)± βnRrz.(C.2)

We prove the two directions separately. Firstly, let σ′ denote an optimal assignment of costz(Q,C
′,B, h′), we

prove that

costz(Q,C
′,B, h′) ≥ (1− β) ·

∑
p∈Q

∑
c∈C

σ(p, c) · dz(p, c)− βnRrz.(C.3)

For the sake of contradiction, suppose (C.3) does not hold. By Lemma C.2, we know that there exists an
assignment σ′′ ∼ (B, h′) such that∑

p∈Q

∑
c∈C

|σ′′(p, c′)− σ′(p, c)| ≤ β

4
·
( ε

48z

)z · nR(C.4)

It suffices to show that σ′′ is actually a better assignment than σ to conclude a contradiction. We can see that

costσ
′′

z (Q,C)

=
∑
p∈Q

∑
c∈C

σ′′(p, c′) · dz(p, c)

=
∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c) +
∑
p∈Q

∑
c∈C

|σ′(p, c′)− σ′′(p, c)| · dz(p, c)z

≤
∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c) + ∥σ′′ − σ′∥1 ·
(48zr

ε

)z
(Defn. of Cfar)

≤
∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c) + β

4
nRr

z. (Ineq. (C.4))

(C.5)

By Lemma 3.5, we know that∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c)

=
∑
p∈Q

∑
c∈C

σ′(p, c′) ·
(
dz(p, c′) + dz(p, c)− dz(p, c′)

)
≤(1 + β) ·

∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c′) + (
3z

β
)z−1 · nR · (

βr

12z
) (Lemma 3.5)

≤(1 + β) · costz(Q,C ′,B, h′) + β

4
nRr

z.

(C.6)

Summing up the above three inequalities, we conclude that

costσ
′′

z (Q,C) ≤ (1 + β) · costz(Q,C ′,B, h′) + β

2
nRr

z (Ineqs. (C.5) and (C.6))

< costσz (Q,C), (by assumption)
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which has been a contradiction to the fact that σ is an optimal assignment for costz(Q,C,B, h).
To prove the other direction of (C.2), it suffices to construct an assignment σ′ ∼ (B, h′) such that

costσ
′

z (Q,C) ≤ (1 + β)
∑
p∈Q

∑
c∈C

σ(p, c) · dz(p, c) + βnRr
z.

To this end, we simply choose σ′ to be an assignment consistent with (B, h′) and∑
p∈Q

∑
c∈C

|σ′(p, c)− σ(p, c)| ≤ β

4
· ( ε

48z
)z · nR.

Again, by Lemma C.2, such σ′ exists. Then by a similar argument as in the first direction, we can verify that∑
p∈Q

∑
c∈C

σ′(p, c′) · dz(p, c′) ≤ (1 + β)
∑
p∈Q

∑
c∈C

σ(p, c) · dz(p, c) + βnRr
z

which completes the proof of the first inequality of Lemma C.1.
When B = ∆k, the only difference is the construction of N . Note that for any C ⊂ B(c⋆i ,

48zr
ε ) and any

h, h′ ∈ nRconv(Bo) satisfying that 1) hc = h′c for every c ∈ C with c ̸= c⋆i ; and 2)
∑

c∈C:c=c⋆i
hc =

∑
c∈C:c=c⋆i

h′c,

the following holds:
costz(Q,C,∆k, h) = costz(Q,C,∆k, h

′).

This observation enables us to construct N as follows:

1. Enumerate all subsets A ⊆ [k] of size t− 1 and let ∆A = {h ∈ ∆k : ∀i ∈ A, hi = 0}.

2. Construct an l1-distance
β·εz

12·(48z)z·Lip(B) -net for every ∆A and let N be their union.

We still let F := C[t]× nRN , which can be shown an (t, β)-covering w.r.t. (R,∆k). By construction, we have

log |F| ≤ t log k + t log |C|+ log |N | ≤ O
(
t · logNX (n, β) + zt · log(zkβ−1ε−1)

)
,

which completes the proof of the second inequality of Lemma C.1.
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