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This paper considers Bayesian revenue maximization in the k-unit setting, where a monopolist seller has k
copies of an indivisible item and faces n unit-demand buyers (whose value distributions can be non-identical).
Four basic mechanisms among others have been widely employed in practice and widely studied in the
literature: Myerson Auction, Sequential Posted-Pricing, (k + 1)-th Price Auction with Anonymous Reserve,
and Anonymous Pricing. Regarding a pair of mechanisms, we investigate the largest possible ratio between
the two revenues (a.k.a. the revenue gap), over all possible value distributions of the buyers.

Divide these four mechanisms into two groups: (i) the discriminating mechanism group, Myerson Auction
and Sequential Posted-Pricing, and (ii) the anonymous mechanism group, Anonymous Reserve and Anonymous
Pricing. Within one group, the involved two mechanisms have an asymptotically tight revenue gap of
1+0(1/Vk). In contrast, any two mechanisms from the different groups have an asymptotically tight revenue
gap of O(logk).
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1 INTRODUCTION

“Simple vs. optimal” is one of the central themes in Bayesian mechanism design. The revenue-
optimal mechanisms are more of theoretical significance, but are usually complicated and hard to
implement in practice. On the other hand, most of the commonly used mechanisms in real life are
much simpler, although sacrificing a (small) amount of revenue. This trade-off motivates the study
on how well simple mechanisms can approximate the optimal mechanisms.
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Even in the most basic single-item model, the optimal mechanism is already complicated. This
mechanism is proposed in the seminal work by Myerson [39]. It needs full knowledge of all buyers’
individual value distributions. Typically, the value distributions are estimated from market research
and historical transaction records. Hence, the knowledge can only be “probably approximately
correct” (especially in large markets) and the optimal mechanism is very fragile to the estimation
errors. Also, Myerson’s auction involves price discrimination among buyers, which is not allowed
in most real businesses.

Simple mechanisms can address the above issues and are prevalent in both online and offline
shops. For example, consider selling a number of identical copies of some product on Amazon.
(This is captured by the multi-unit model, see Section 1.1 for details.) The seller simply posts a price,
and a buyer decides to buy one copy if the price is acceptable to him. This mechanism is called
anonymous pricing. In order to find the optimal price, the seller only needs to know the overall
demand, which is much easier to estimate than the individual value distributions as in Myerson’s
auction. Once again, the question is how well the anonymous pricing mechanism can approximate
the optimal revenue.

The last two decades have seen extensive progress on the “simple versus optimal” trade-off
[2,3,6,8,13-15, 19, 21, 23, 25, 28-30, 32]. By now we can say that it constitutes a subfield within
mechanism design. In this work, we will study this trade-off in the multi-unit model.

1.1 Background

Let us first review the previous results. In the most basic single-item model, four fundamental
mechanisms among others are widely studied. Denote by F = {F;} jc[n| the independent value
distributions of buyers j € [n]. These four mechanisms work as follows (see Section 2.2 for the
formal definitions).

e Anonymous Pricing (AP): This mechanism treats all buyers equally by posting a price p. Upon

arrival, a buyer will pay this price p and take the item, when his value b; ~ F; is higher than

p (and the item is still available). If the seller knows the value distributions {F;} je[n], she

would select a particular price p to maximize her expected revenue among all Anonymous

Pricing mechanisms.

Sequential Posted Pricing (SPM): This mechanism selects an array of prices {p;} je[»] and an

ordering o : [n] + [n]. The buyers join in the mechanism sequentially o(1),-- -, o(n), and

each index-o(j) buyer must pay the order-specific price p; if winning. This discrimination
can give better revenue than Anonymous Pricing.

e Anonymous Reserve (AR): This is a variant of the Second-Price Auction. The seller ignores
the buyers whose bids b; are below an anonymous reserve r. The winner (which exists only
if the highest bid b(;) is above the reserve r) is the highest of the remaining buyers, and his
payment is the bigger one between the second highest bid b(;) and the reserve r.

e Myerson Auction (OPT): A generic auction A : {b;};c[n] — (x, ) is a mapping from
the bids/values to the allocations x = (x;);e[n] and the payments 7 = (1) e[n]. In the
single-item case, Myerson Auction is the optimal one among those mappings [39]. (When the
distributions {F;} je[n] are identical, Myerson Auction degenerates to Anonymous Reserve.)

These four mechanisms together form the hierarchy in Figure 1, where each arrow goes from a
more complicated mechanism with higher revenue to a simpler mechanism with lower revenue.
There are two notable distinctions among the four mechanisms.

e Anonymity (AP and AR) vs. Discrimination (SPM and OPT). We say a mechanism is dis-
criminating if, when different buyers become the winner, the required payments can be
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OPT: discriminating auction

[1.34, 1.49] [2.15, C*]
| SPM: discriminating pricing | C* = 2.62 | AR: anonymous auction |
C" ~2.62 72 /6 ~ 1.64

| AP: anonymous pricing |

Fig. 1. Demonstration for the previous results in the single-item setting with asymmetric regular buyers,
where an interval indicates the best known lower/upper bounds, and a number indicates a tight bound. For
the references of these results and further discussions, one can refer to [31, Section 6] and [27, Chapter 4].

different. Otherwise we say the mechanism is anonymous. Intuitively, discrimination gives a
mechanism more power to extract revenue.

o Pricing (AP and SPM) vs. Auction (AR and OPT). In a pricing scheme, the buyers simply
make take-it-or-leave-it decisions based on the given prices. In contrast, an auction is an
arbitrary mapping from the bids to the allocations and the payments. Auctions can gain
higher revenues than pricing schemes by further leveraging the competition among buyers.

Because SPM is a discriminating pricing scheme and AR is an anonymous auction, they have
different powers and are incomparable. Accordingly, there are five comparable mechanism pairs
(i.e., the five arrows in Figure 1).

To understand the relative powers of those mechanisms, the very first question is how large
the revenue gap between any two mechanisms can be. We characterize the revenue gap as the
approximation ratio' between the two revenues. Formally, for a more complicated mechanism M;
and a simpler mechanism M, their approximation ratio is given by

REV p, (F)

def
R v
2

Fe?k
where REv ((F) denotes the revenue from a mechanism M on an input instance F = {F;}jc[n],
and the supremum is taken over a certain family of distributions F € F.

For the single-item model, the known results are shown in Figure 1. Notice that all these revenue
gaps are universal constants, and most of them have matching lower and upper bounds.

From Single Unit to Multiple Units. In this work, we focus on the k-unit setting, where the
seller has k > 1 identical copies of an item, and aims to sell them to n unit-demand buyers. This
setting is much more realistic and common in real business. Further, it is of intermediate complexity
in comparison with the (more restricted) single-item setting and the (more general) multi-item
setting.? Nonetheless, the “simple vs. optimal” trade-offs are much less understood in this setting
than in the single-item setting.

Since the k-unit setting is still a single-parameter setting, Myerson Auction remains revenue-
optimal [39]. In addition, both of Anonymous Pricing and Sequential Posted Pricing can be naturally
extended to this setting. For Anonymous Reserve, the counterpart auction is no longer “second-
price-type”, but is the (k + 1)-th Price Auction with Anonymous Reserve.

IThe earlier “mechanism design for digit goods” literature [6, 13, 14, 23, 25], due to technical reasons, often uses the term
“competitive ratio” rather than “approximation ratio”.
%In the k-unit setting, the k copies are identical. But in the multi-item setting, the items can be heterogeneous.
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1.2 An overview of our results

In the k-unit setting, previously only the revenue gap Ropr/spm between OPT and SPM is well
understood [2, 7, 41], but the other four gaps are widely open. By exploring the relative power
of those mechanisms systematically, in this work we establish the (asymptotically) tight ratios of
all previously unknown revenue gaps. We formalize our new results as the next two theorems
and demonstrate them in Figure 2. (Therein, the regularity assumption is very standard in the
mechanism design literature [39]; see Section 2.1 for its definition.)

OPT: discriminating auction

1+0(1/vk) O(log k)
SPM: discriminating pricing | O(log k) | AR: anonymous auction |
0 (logk) 1+0(1/vk)

| AP: anonymous pricing |

Fig. 2. Demonstration for the revenue gaps among basic mechanisms in the k-unit setting, given that the
value distributions are regular. Our new results are underwaved. The 1 + ©(1/Vk) approximation result
between AR and AP is given in Theorem 1, and the other three results are given in Theorem 2.

Theorem 1 (Anonymous Reserve vs. Anonymous Pricing). For the unit-demand buyers j € [n], in
each of the following three settings,® the revenue gap Rar/ap(k) between Anonymous Reserve and
Anonymous Pricing is ‘RAR/Ap(k) =1+ @(1/\/%):
(1) The asymmetric general setting, where the buyers have independent but not necessarily identical
value distributions.
(2) The i.i.d. general setting, where the value distributions are identical.
(3) The asymmetric regular setting, where the value distributions are regular but not necessarily
identical.

Theorem 2 (Discriminating Mechanisms vs. Anonymous Mechanisms). When the unit-demand
buyers j € [n] have independent and regular value distributions, each of the next three revenue gaps
is of order ©(log k):

(1) The revenue gap Ropr/ap(k) between Myerson Auction and Anonymous Pricing.

(2) The revenue gap Rspm/ap (k) between Sequential Posted Pricing and Anonymous Pricing.

(3) The revenue gap Ropr/ar(k) between Myerson Auction and Anonymous Reserve.

Similar to the AR vs. AP revenue gap, the previous works [2, 7, 41] show that the OPT vs. SPM
revenue gap is also of order 1+ ©(1/Vk). Consequently, regarding the discriminating mechanism
group (OPT and SPM) and the anonymous mechanism group (AR and AP), each revenue gap across
these two groups is ©(log k), but the revenue gap between the two mechanisms in one group tends
to vanish (at the rate of 1/Vk) when the number of copies k € Ns; becomes large. These messages
can be easily inferred from Figure 2.

As mentioned, the revenue gaps identify the power and the limit of “discrimination vs. anonymity
and “auction vs. pricing” in revenue maximization. Different from the single-item setting, where all
the revenue gaps are universal constants (see Figure 1), our new results in the k-unit setting are
more informative. When the number of copies k € N is large:

»

3In the i.i.d. regular setting, an asymptotically tight bound 1 +©(1/ Vk) is shown in [41, Section 4.2], [27, Section 4.5] and
[7, Section 5].
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e Auctions are not much more helpful than pricing schemes in extracting the revenue (i.e., just
an1+0(1/Vk) improvement), no matter whether discrimination is allowed or not.

e Discrimination is always very useful, and can even give an unbounded improvement (up to a
O(log k) factor) on the revenue.

These propositions meet what we observe in real business: auctions are rarely used in practice,
whereas different kinds of price discrimination are rather common.

1.2.1  First Result: Anonymous Reserve vs. Anonymous Pricing. In this section, we sketch the proof
of our 1+0(1/Vk) approximation result for the AR vs. AP revenue gap (Theorem 1). In fact, we can
represent the exact ratio R ag/ap as an explicit integration formula, (although this formula in general
does not admit an elementary expression). We acquire this formula by solving a mathematical
programming generalized from [32, Program (4)], which resolves the same problem for the single-
item case k = 1.

However, many crucial properties of the single-item case do not preserve in the general case
k > 1. In the single-item case, Anonymous Reserve relies on the first/second order statistics b ;)
and b(y) (i.e., the biggest and second biggest sampled bids/values), and Anonymous Pricing relies
on the b(y). Therefore, we only need to reason about these two random variables, b(;) and b(y),
together with the correlation between them. In the k-unit case, however, up to (k + 1) random
variables b(y), - - , b(x4+1) must be taken into account, and the correlation among them becomes
much more complicated.

For the above reasons, we cannot modify and re-adopt the approach of the work [32] in a naive
way. Instead, with the purpose of handling the highly correlated order statistics b;’s, we will
develop a new structural lemma about the Poisson binomial distributions (PBDs). This new lemma
mainly relies on the log-concavity of the PBDs.

Lemma (Bernoulli Sum Lemma). Given two arrays of Bernoulli random variables: {X;} je[n] are
iid., while {Y;};c|n] are independent yet not necessarily identically distributed. For the random sums
X =2 e Xj andY = ¥ jc[n) Y, there exists some threshold s € R such that:

(1) Pr[X <t] = Pr[Y <] foranyt <s.

(2) Pr[X <t] <Pr[Y <] foranyt > s.

With the help of this lemma, we can characterize the worst-case instance of the mentioned
mathematical programming, for k > 1 and n > 1. To this end, let us formulate the AR and AP

revenues. Denote by F; the cumulative distribution function (CDF) of buyer j’s value, and D; the
CDF of the i-th order statistic b(;). The Anonymous Reserve revenue (Fact 3) is given by

AR(r) = AP(r) + k- / (1= Dt () - dx, Ve 0.

where AP(r) is the revenue by posting the price p = r in Anonymous Pricing. Further, the AP
revenue (Fact 2) depends on the top-k CDF’s {D;(r)};¢[k] at this reserve r > 0.

Now consider a Bernoulli sum Y = ] jeln] Vs for which the individual failure probabilities are
Pr[Y; = 0] = F;(r). This choice of the failure probabilities ensures Pr[Y < i — 1] = D;(r) for every
i > 1. Further, we can find another array of i.i.d. Bernoulli random variables {X} jc[n] so that the
sum X = 3 jc[,) X; satisfies

Pr[X < k] = Pr[Y < k] = Dy(r).
(The existence of such {X;} je[n] is obvious.) Then our Bernoulli Sum Lemma shows that
Pr[X <i-1] > Pr[Y <i-1] = Di(r)

for each i € [k], where the equality holds when the {Y;}c[,] are also i.i.d.
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Informally speaking, the above inequalities and the equality condition imply that, the ratio
AR(r)/AP(r) is maximized when the value CDF’s are equal F;(r) = --- = F,(r) at this reserve.
Following this argument and with extra efforts, we have the next observation.

Observation. Foreachk > 1 andn > 1, the worst case for the Rar/ap revenue gap happens when
the value distributions are identical, i.e., F* = {F*}", (although this worst-case common distribution
F* is given by an implicit equation and does not admit an elementary expression).

Furthermore, it is noteworthy that the above approach enables a unified constructive proof
for the upper-bound/lower-bound parts of the general case k > 1. In contrast, the former work
[32] establishes these two parts of the single-item case separately, and their upper-bound proof is
non-constructive.

Our Bernoulli Sum Lemma can find its applications in related directions. As mentioned, we
leverage it mainly to handle the order statistics. Apart from the “simple vs. optimal mechanism
design” paradigm, on other topics such as “learning simple mechanisms from samples” [9, 14, 33,
37, 38], the order statistics are also of fundamental interests. Conceivably, our new lemma would
be helpful for those topics, in a similar manner as this paper.

1.2.2  Second Result: Discriminating Mechanisms vs. Anonymous Mechanisms. In this section we
sketch the proof of Theorem 2, which claims that the revenue gaps Ropr/ap, Rspm/ap and Ropr/ar
are all of order ®(log k). In fact, any one bound implies the other two. This is because the revenue
gaps within the discriminating/anonymous groups (OPT vs. SPM, and AR vs. AP) are both constants
1+©(1/Vk) = ©(1), and these constants are dominated by the ©(log k) bound.

For these reasons, it suffices to only prove the OPT vs. AP revenue gap Ropr/ap = ©(logk).
Actually, an Q(log k) lower bound for this revenue gap is already shown in [28, Example 5.4], so
we only need to prove the O(log k) upper bound.

We actually prove the O(log k) upper bound between Anonymous Pricing and a benchmark called
Ex-Ante Relaxation (EAR in short). It is known that this benchmark always exceeds the Myerson
Auction revenue [11]. To acquire the O(log k) upper bound, we will start with a mathematical
programming generalized from [3, Equations (1) and (2)].

However, the general-case mathematical programming has a very different structure as it is
in the single-item case. When k = 1, the worst-case instance (i.e., the optimal solution, see [3,
Section 4.3]) turns out to be a continuum of “small” buyers — any single buyer has an infinitesimal
contribution to the EAR benchmark, but there are infinitely many buyers n — co (in the sense of
large markets [4, 36]). Accordingly, it is better to think about the “density” of different types of
buyers, instead of the number of buyers.

But in the general case, the Q(logk) lower-bound instance [28, Example 5.4] essentially is
constituted by “big” buyers — a certain amount of buyers contribute at least 1/k unit to the EAR
benchmark each, while every other buyer contributes strictly 0 unit and can be omitted. More
importantly (see Remark 4), if we insist on a continuum of “small” buyers in the general case k > 1,
then the EAR vs. AP revenue gap turns out to be (at most) a universal constant for whatever k > 1.

For these reasons, the current approach must be very different from the single-item case. At a
high level, to handle the general case k > 1, we will classify the buyers j € [n] into groups, and
then bound the individual contributions from these groups to the EAR benchmark.

In more details, we can employ the technique developed in [3, Lemma 4.1], and thus transform
the mentioned mathematical programming into the following one.

Variables:
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® {vj}jein] € RY,, wherev; = argmax{p-(1-F;(p)) : p > 0} for j € [n], are the buyer-wise
optimal posted prices of the distributions F = {F;} je[n].
® {gj}je[n) € [0,1]", where g; = 1 - F;(v;) for j € [n], are the buyer-wise optimal quantiles.
e The resulting {v;q;} je[n] € RY, are the buyer-wise optimal revenues.
Constraints:
e The capacity constraint, 3} [, ¢; < k.
o The feasibility constraint, AP(p,F) < 1 for all p € Ry,.
Objective: Maximize the Ex-Ante Relaxation benchmark EAR(F) = X ;c(,) 0595

Regarding the EAR benchmark, the buyer-wise optimal revenues {v;q;} je[n] are precisely the
individual contributions from the distributions {F;}je[n]. Given the capacity constraint (in the
sense of the Knapsack Problem), the quantiles {g;} jc[»] can be viewed as the individual capacities.
Therefore, the prices {v;} je[n] can be viewed as the bang-per-buck ratios (i.e., the contribution to
the EAR benchmark per unit of the capacity).

To find the optimal solution, of course we prefer those distributions with higher bang-per-buck
ratios {v;}je[n], but also need to take the capacities {q;} je[»] into account. Informally, we will
classify the buyers into three groups [n] = L U Hg U Hp:

e L ={j € [n] : v; < 1/k}. Because these group-L distributions have lower bang-per-buck
ratios v; < 1/k, conceivably the total contribution by this group to the EAR benchmark shall
be small. Indeed, we will prove a constant upper bound ;¢ v;q; = O(1).

e Hs = {j € [n] :v; > 1/k and v;q; < 1/(2k)}. In other words, the group-Hs distributions
have high enough bang-per-buck ratios v; > 1/k but small capacities, i.e., v;q; < 1/(2k). It
turns out that the total contribution by this group is also small, and we also will prove a
constant upper bound 3’ jcp, v;q; = O(1).

e Hg={j € [n] :v; > 1/k and v;q; > 1/(2k)}. That is, these group-Hp distributions have
high enough bang-per-buck ratios and big enough capacities. Therefore, this group should
contribute the most to the EAR benchmark. Taking into account the feasibility constraint,
AP(p,F) < 1forall p € Ry, we will show 3’ e, vjq; = O(logk).

The actual grouping criteria in our proof are more complicated than the above ones, in order to
handle other technical issues.

Finally, we notice that our grouping criteria borrow ideas from the “budget-feasible mechanism”
literature [12, 24, 40], where the target is to design approximately optimal mechanisms for the
Knapsack Problem under the incentive concerns. We hope that these ideas can find more applications
to the “simple vs. optimal mechanism design” research topic.

1.3 Further Related Works

The revenue gaps among the mentioned mechanisms, Myerson Auction, Sequential Posted Pricing,
Anonymous Reserve, and Anonymous Pricing, are extensively studied in the literature. Below we
provide an overview of the previous results (mainly in the single-item setting and in the k-unit
settings). As a supplement, the reader can refer to the surveys [16, 31, 34] and the textbook [27].

AR vs. AP. This revenue gap studies the relative power between the auction schemes and the
pricing schemes, when the price discrimination is not allowed. The previously known results in
the single-item case are shown in the next table.

iid. regular e/(e—1) ~ 1.58 | [11, Thm 6] & [27, Thm 4.13]
iid. general
asymmetric regular 7%/6 ~ 1.64 [32, Thm 2]
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‘ asymmetric general ‘ ‘ ‘

In the k-unit case, an asymptotically tight bound 1/(1 — k*/(e¥k!)) ~ 1/(1 - 1/V2rk) for
iid. regular buyers is shown in [41, Section 4.2] and [27, Section 4.5]. Our new results settle the
remaining pieces of the puzzle — even though the i.i.d. assumption and/or the regularity assumption
are removed, this revenue gap is still of order 1+ ©(1/Vk).

SPM vs. AP. This revenue gap studies the power of price discrimination in pricing schemes. We
summarize the known results and our new results, in both the single-item case and the k-unit case.

] single-item case \ SPM vs. AP \ OPT vs. AP ‘
iid. regular e/(e—1) ~ 1.58 [11, Thm 6] & [27, Thm 4.13]
iid. general 2—1/n [19, Thm 3] | [27, Thm 4.9]
asymmetric regular | constant C* =~ 2.62 | [32, Thm 1] [30, Thm 1]
asymmetric general n [3, Prop 6.1]
] k-unit case | SPMvs.AP | OPTvs. AP |
iid. regular 1/(1 = kF/(eFkY)) o | [19, Thm 1] | [41, Sec 4.2]
i.i.d. general 2—k/n [19, Thm 3] [27, Sec 4.5]
asymmetric regular O(logk) this work
asymmetric general n [3, Prop 6.1]

¢ this bound is just asymptotically tight

OPT vs. AP. This revenue gap is to illustrate that even the simplest mechanism, Anonymous
Pricing, can approximate the optimal revenue in quite general settings. Actually, in each of the
single-item/k-unit, i.i.d./asymmetric, regular/general settings, this ratio “coincedentally” is equal
to the SPM vs. AP revenue gap, namely Ropr/ap = Rspm /AP.4 (But the results respectively for
Ropr/ap and Rspm/ap are credited to different works.) For brevity, we summarize the results on
the both revenue gaps together in the above tables.

Instead of the regularity assumption, the stronger monotone-hazard-rate (MHR) distributional
assumption is also very standard in the mechanism design literature. The previous works [22, 29]
study the OPT vs. AP revenue gap in the single-item i.i.d. MHR setting.

OPT vs. AR. This ratio studies the power of price discrimination in the auction schemes. When
the value distributions are i.i.d. and regular, Myerson Auction and Anonymous Reserve turn out to
be identical [39]. The results beyond the i.i.d. regular case are given below.

\ single-item case |
iid. general 2—1/n [27, Thm 4.9]

LB~ 215 | [28,Sec5] & [32, Thm 3]
UB=C" ~ 2.62 | [28, Sec 5] & [30, Thm 1]
asymmetric general n [3, Prop 6.1]

asymmetric regular

4The reader may wonder why the revenue gaps Ropr /ap and Rgpy/ap are equal, in each of the single-item/k-unit,
ii.d./asymmetric, regular/general settings. This is because, in each of these settings, the worst-case instance {F]’f }jeln]
of the OPT vs. AP problem has a nice property: for each FJ’T, the corresponding virtual-value distribution is supported on
the non-positive semiaxis (—co, 0] plus a single positive number v; > 0. When an instance satisfies this property, we can
adopt the arguments in [32, Lemma 1] to show that OPT and SPM extract the same amount of revenue, which implies
Ropr/ap = Rspm/ap-
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] k-unit case ‘
iid. general 2—k/n [27, Sec 4.5]
asymmetric regular O(logk) this work
asymmetric general n [3, Prop 6.1]

Notably, the tight ratio in the single-item asymmetric regular setting is still unknown. Hartline
and Roughgarden first prove that this ratio is between 2 and 4 [28, Section 5]. Afterwards, the lower
bound is improved to = 2.15 [32, Theorem 3]. But the best known upper bound just follows from
the tight OPT vs. AP revenue gap C* = 2.62 by implication. We highly believe this factor-C* barrier
can be broken, for which new techniques tailored for Anonymous Reserve rather than Anonymous
Pricing are required.

Beyond the Anonymous Reserve mechanism, other simple auctions with the more powerful
personalized reserves are also extensively studied [7, 28, 35].

OPT vs. SPM. This revenue gap investigates the relative power between the auction schemes and
the pricing schemes, when the price discrimination is allowed. Indeed, the previous works [17, 26]
show that this problem is identical to the ordered prophet inequality problem in stopping theory. In
each of the single-item/k-unit i.i.d./asymmetric settings, the tight revenue gaps under/without the
regularity assumption turn out to be the same (see, e.g., [41, Section 3.1]). The previous results in
the single-item/k-unit cases are summarized below.

] single-item case ‘

iid. constant f§ ~ 1.34 [15, Thm 1.3]
o IB=f~ 134 [15, Thm 1.3]
ASYMMEIC  FOB=1/(1 - 1/e + 1/27) ~ 1.49 [18, Thm 1.1]
’ k-unit case ‘
ii.d./asymmetric LB = 1+0Q(1/VK) (26, Thm 7]
UB = 1+0(1/Vk) [41, Sec 4.2] and [7, Sec 5].

Noticeably, the tight ratio in the single-item asymmetric setting is still unknown. The best
known lower bound just follows from the tight “i.i.d” revenue gap f ~ 1.34 by implication.
Recently, there is an outburst of activity on the upper bound [5, 7, 18], and the best known result
is1/(1—1/e+1/27) =~ 1.49 [18, Theorem 1.1]. It remains an interesting open question to further
refine the upper bound.

Beyond the k-unit setting, the OPT vs. SPM revenue gap is also studied in the more general
matroid setting. For this, the work [11, Theorem 5] first shows an upper bound of 2, and then [41,
Section 4.1] improves it to e/(e — 1) ~ 1.58.

The Sequential Posted Pricing mechanism crucially leverages the order in which the buyers
participate in the mechanism. Instead, the order-oblivious counterpart mechanisms are extensively
studied as well [1, 2, 5, 7, 11, 18, 20].

Organization. In Section 2 we introduce the notation and requisite knowledge about the considered
mechanisms. We investigate the Ex-Ante Relaxation vs. Anonymous Pricing problem in Section 3.
For the Anonymous Reserve vs. Anonymous Pricing problem, a formal statement of our results and
the proofs can be found from the full version of this paper.
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2 NOTATION AND PRELIMINARIES

This section includes the notation to be adopted in this paper, and the basic knowledge about
probability (e.g. the regular/triangle distributions) and the concerning mechanisms.

Notation. Denote by Ry (resp. N»;) the set of all non-negative real numbers (resp. positive

integers). For any pair of integers b > a > 0, define the sets [a] o {1,2,-++,a} and [a : b] o

{a,a+1,---,b}. Denote by 1{-} the indicator function. The function | - |, maps a real number
z € R to max{0, z}.

2.1 Probability

We use the bold letter F = {F;};c(n] to denote an instance (namely an n-dimensional product
distribution), where F; is the bid distribution of the buyer j € [n]. For ease of notation, F; also
represents the corresponding cumulative density function (CDF).

We assume the CDF’s {F;} jc[a] to be left-continuous, in the sense that when the j-th buyer has
a random bid b; ~ F; for a price-p item, his willing-to-pay probability is Pr[b; > p] rather than
Pr[b; > p]. We also define the inverse CDF Fj‘l(y) = inf{x € Ry : Fj(x) > y} for any y € [0,1];
notice that possibly FJ.‘1 (1) = co. We say a distribution F; stochastically dominates another F j» when

Fj(x) < I?j (x) for all x € Ryo. Further, an instance F = {F;} ¢, dominates another instance
F= {fj}je[n], when F; dominates I_*“j for each j € [n].
For a CDF F;, we are also interested in two associated parameters (v}, q;). The monopoly quantile
q; € [0,1] and the monopoly pricev; € R are respectively given by
def

def — —
qj = argmax{Fjl(l—q)-q} and vj = Fjl(l_%)~
qe[o.1]

If there are multiple maximizers q;, we would choose the smallest g; among the alternatives; notice
that possibly g; = 0 and v; = co.

Sampling a bid profile from the instance b = (b;)e[n] ~ F, the i-th highest bids (for i € [n])
b1y 2 -+ = by = -+ = b(y) will be of particular interest. We denote by D; the corresponding
distributions/CDF’s, namely D;(x) = Pr[b(;) < x] for all x € Rx,. Again, we assume {D; };c[n] to
be left-continuous. The formulas for the i-th highest CDF’s are given below.

Fact 1 (Order Statistics). For eachi € [n+ 1], the i-th highest CDF is given by

> ( [ ]erle; < x]) : (j];[vpr[bj > x])

tef0i-1] W=t  jeW

> Y A([1m®) - ([Ta-Fen) vz o,

tel0:i-1] W=t jEW JjEW

D;(x)

Regular distribution. Denote by REG this distribution family. According to [39], a distribution

is regular F; € REG if and only if the virtual value function ¢;(x) “x- 1}]1:(];; ) i non-decreasing

on the support of F;, where f; is the probability density function (PDF). Such a regular CDF F; is
illustrated in Figure 3a.

Triangle distribution. This distribution family, denoted by TRri, is introduced in [3] and is a
subset of the regular distribution family REG. Such a distribution Tr1(v;, ;) is determined by the
monopoly price v; € Ry and the monopoly quantile g; € [0, 1]. In precise, the corresponding CDF
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Fj(x) Fj(x)
e e L L Tl R e e o—
l=qjp--mmmmmmmmmm oo ;
1
1
I
1
L X
0 vj
(a) The CDF of a regular F; (b) The CDF of Tri(v}, q;)

Fig. 3. Demonstration for the regular distribution and the triangle distribution.

is given below and is illustrated in Figure 3b.

(1-g;)-x )
Fj(x) = {(l_qi)'x+vjqj’ Vx €[00l

1, Vx € (v}, ) .

2.2 Mechanisms

We focus on such a revenue maximization scenario: the seller has k € N»; homogeneous items and
faces n > k unit-demand buyers, and the buyers draw their bids b = {b;} jc[»] ~ F independently
from a publicly known product distribution F = {F;};c[s]. For convenience, we interchange
buyer/bidder.

In the bulk of the work, we will concern three mechanisms: Anonymous Pricing, Anonymous
Reserve, and Ex-Ante Relaxation. Below we briefly introduce these mechanisms; for more details,
the reader can refer to [27, Chapter 4].

Anonymous Pricing. In such a mechanism, the seller posts an a priori price p € R, to any single
item; then in an arbitrary coming order, each of the first k coming buyers that are willing to pay
the price p € Ry, will get an item by paying this price. Given any bid profile b ~ F, let b(p.1) o
and reorder the bids such that by) > -+ > by > -+ 2 b(n4).

Depending on how many bids exceed the posted price, the mechanism gives a revenue of

REV(AP) = " i-p-L{by = p > by} + k- p- Lbgew = p}
ie[k]

= > p- by = p}

ielk]
Taking the randomness over b ~ F into account results in the expected revenue.

Fact 2 (Revenue Formula for Anonymous Pricing). Under any posted price p € Rxq, the Anonymous
Pricing mechanism extracts an expected revenue of

AP(p,F) ¥ p- " (1= Di(p)).
ielk]

Let AP(F) d:efmaxpeRZO{AP(p, F)} denote the optimal Anonymous Pricing revenue.
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Anonymous Reserve. In such a mechanism, the seller sets an a priori reserve r € R on any
single item. When at most k bidders are willing to pay the reserve r € R, Anonymous Reserve
has the same allocation/payment rule as Anonymous Pricing, thus the same revenue. But when at
least (k + 1) bidders are willing to pay this reserve, each of the top-k bidders (with an arbitrary
tie-breaking rule) wins an item by paying the (k + 1)-th highest bid bx.1) > r.

Running on a specific bid profile b ~ F, the mechanism generates a revenue of

REV(AR) = > i-r-1{ba 27> b} + k- b - IHbgen 2 7}
ielk]

Do Wby 2 1} + kb =1l
ie[k]

Taking the randomness over b ~ F into account gives the expected revenue. (Note that [10, Fact 1]
get the revenue formula below in the single-item case k = 1.)

Fact 3 (Revenue Formula for Anonymous Reserve [10, Fact 1]). Under any reserver € Ry, the
Anonymous Reserve mechanism extracts an expected revenue of

AR(r,F) £ e 3 (1-Di(r) + k~/m(1—Dk+1(x)) - dx.

ielk]
Let AR(F) dzefmaxreRZO{AR(r, F)} denote the optimal Anonymous Reserve revenue.

Ex-Ante Relaxation. This notion is introduced by [11]. Although just being a “fake” mechanism,’
Ex-Ante Relaxation is useful to upper bound the revenue from the optimal truthful mechanism,
Myerson Auction.

For a regular instance, an Ex-Ante Relaxation mechanism is specified by an allocation rule
q = {q}}je[n] € [0,1]™. Here, each q;. € [0, 1] represents the probability that the buyer j € [n]
wins an item. This allocation rule is feasible iff 3} ;¢ |, ¢} < k, because we only have k items. The
following fact characterizes the resulting “revenue”.

Fact 4 (Revenue Formula for Ex-Ante Relaxation [11, Lemma 2]). Given a regular instance F =
{Fj}jen), under any feasible allocation rule Q" = {q}}je[n] € [0,1]" that 3 ;e[ q; < k, the Ex-Ante
Relaxation mechanism extracts an expected revenue of

’ def — ’ ’
EAR(Q.F) £ 3" F'(1-g))-q]
Jjeln]

Remark 1. We will study the Ex-Ante Relaxation mechanism just for the regular instances. The
revenue formulas for the irregular instances are more complicated, for which the reader can refer
to [11, Lemma 2].

Revenue monotonicity. Based on the revenue formulas given in Facts 2 to 4, one can easily check
the following fact (a.k.a. the revenue monotonicity in the literature).

Fact 5 (Revenue Monotonicity). Given that an instance F = {F;}je[n] stochastically dominates
another instance F = {F}} je[n], the following hold:

(1) AP(p,F) > AP(p,F) for any posted price p € R, and thus AP(F) > AP(F).
(2) AR(r,F) > AR(r,F) for any reserve r € R, and thus AR(F) > AR(F).
(3) EAR(q’,F) > EAR(q’, F) for any allocation q’ = {d;}jern € [0.1]" with X ey 4} < k.

>Namely, in the concerning Bayesian mechanism design setting, Ex-Ante Relaxation is unimplementable.
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3 EX-ANTE RELAXATION VS. ANONYMOUS PRICING

In this section, we investigate the Ex-Ante Relaxation (EAR) vs. Anonymous Pricing (AP) problem,
under the regularity assumption that F = {F;};c[»] C REG. Based on the revenue formulas (see
Section 2.2), the revenue gap between both mechanisms is given by the optimal solution to the
following mathematical program. Recall that D; is the i-th highest bid distribution, and REG is the
family of all regular distributions.

sup EAR(Q,F) = > F'(1-4)) - (P2)
jeln]
st AP(p,F) = p- > (1-Di(p)) < 1, Vp € R,
ie[k]
2,4 <k
Jj€ln]
q' ={q}}jern) € [0,1]", F = {F;}je[n) € REG, Vn € Ny,

We will establish an O(log k) upper bound for the optimal solution to Program (P2), which is
formalized as Theorem 3. Combine this result with the matching lower bound by [28, Example 5.4],
then the revenue gap gets understood.

Theorem 3 (EAR vs. AP). Given that the seller has k € N>; homogeneous items and facesn > k
independent unit-demand buyers, who have regular value distributions F = {F;};c[n] S REG, the
revenue gap between Ex-Ante Relaxation and Anonymous Pricing is Rear/ap (k) = ©(logk).

Remark 2. We notice that under the stronger monotone-hazard-rate (MHR) distributional assump-
tion, the EAR vs. AP revenue gap is still ©(log k). In particular, the O(log k) upper bound follows
from Theorem 3 by implication, and the Q(log k) lower-bound instance by [28, Example 5.4] indeed
satisfies the MHR condition.

We establish Theorem 3 in three steps. First, we give a reduction from a regular instance to a
triangle instance, which preserves the feasibility; then we just need to optimize n pairs of monopoly
price and quantile {(v}, q;)} je[n] instead of n regular distributions {F;}jc[x]. Second, we relax the
constraint AP(p,F) < 1 to a more tractable constraint, which avoids the correlation among the
order statistics {D;};c[x]. Afterwards, we divide all buyers into three careful groups under certain
criteria for {(v},q;)};e[n], and separately bound the contribution from each group to the EAR
revenue. The total EAR revenue turns out to be O(log k).

Reduction to triangle instances. For the single-item case k = 1, [3] show that the worst case of
Program (P2) w.l.o.g. is achieved by a triangle instance. Indeed, their arguments work in the general
case k € N as well. Formally, we have the following lemma (see Figure 4 for a demonstration).

Lemma 1 (Reduction for EAR vs. AP [3, Lemma 4.1]). Given a feasible solution (q’, F) to Program (P2),
there exists another n-buyer feasible instance (q*, F*) such that:
(1) The distributions F* = {F}}c[n) € Trr are triangle distributions, and q* = {q;}je[n) € [0,1]"
(such that 3’ ;e[ q; < k) are the monopoly quantiles thereof.
(2) The Ex-Ante Relaxation revenue keeps the same, i.e. EAR(q*,F*) = EAR(q’, F).
(3) The distributions F* = {F;‘}je[n] are stochastically dominated by F = {F;} jc[) and thus, for
any price p € Ry, the Anonymous Pricing revenue drops, i.e. AP(p,F*) < AP(p,F).

In view of Lemma 1, to establish Theorem 3 we can focus on Program (P3) in place of the previous
Program (P2). For a triangle distribution TR1(v;, q;), where v; = Fj_1 (1 -g;) > 0 is the monopoly
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R(q) R(q)
Ri(g}) F---- iq; p-----
! R;(q) !
: ! Ri(q)
— ; 1 —! - q
0 qul—Fj(Uj) 1 0 q].:l—Fj(z)j) 1
(a) A concave revenue-quantile curve (b) A triangular revenue-quantile curve

Fig. 4. Demonstration for the reduction in Lemma 1, in terms of the revenue-quantile curves. For a distribution
Fj, its revenue-quantile curve is given by R;j(q) = q - FJ._l(l —q) for g € [0,1]. This distribution F; is regular iff
the R; is a concave function (as Figure 4a suggests). And the revenue-quantile curve of a triangle distribution
is basically a triangle (i.e., a 2-piecewise linear function, as Figure 4b suggests); in particular, the two base
angles have the tangent values v;’f and U;fq;f/(l - q;‘.), respectively.

price, we reuse F; to denote its CDF. Recall Section 2.1 that F;(x) = (1-g5)x

= g xto,q; for all x < v; and
Fj(x) =1forall x > v;.

sup EAR(F) = Z viq; (P3)
jeln]
st. AP(p,F) = p- Z (1-Di(p)) < 1, Vp € R, (C2)
ielk]
dgi<k (C3)
Jj€ln]
F= {TRI(Uj, qj)}je[nj C REg, Vn € Nsj.

For a single triangle distribution Tr1(v}, g;), the optimal Anonymous Pricing revenue from it equals
AP(TR1(vj,q;)) = vjq;, which < AP(F) < 1 due to constraint (C2). We thus add one more constraint

vjq; < 1, Vj € [n]. (Cq)

Relaxing constraint (C2). Given Program (P3), both the objective function EAR(F) and con-
straint (C3) are easy to deal with. However, constraint (C2) is rather complicated, because it
involves the correlated top-k bids {b(;) }ie[x] and the corresponding order CDF’s {D;};c[x] (as
formulas of the individual CDF’s {F;}c[,]) are cumbersome.

The following Lemma 2 relaxes constraint (C2) to another constraint. The resulting constraint
is much easier to reason about. Namely, it avoids the correlation among the top-k bids {b;) }ie[«]
and admits a clean formula of the individual CDF’s {F,;}¢|n|. Later we will see that after this
relaxation, the optimal objective value of Program (P3) blows up just by a constant multiplicative

def .
factor. Denote m = L%J > 2 for convenience.

Lemma 2 (Relaxed Constraint). The following is a necessary condition for constraint (C2):

Z (1-F;i(p)) < Vp e [l 1]

jeln] m

4
>
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Proor oF LEMMA 2. Let us consider a specific price p € [% —] for constraint (C2). For any

Jj € [n], let the independent Bernoulli random variable X; € {0, 1} denote whether the j-th buyer
is willing to pay the price p, with the failure probability Pr[X; = 0] = F;(p). Then X o > ien] Xj
denotes how many buyers are willing to pay, and Y = min{k, X} denotes how many items are sold
out in Anonymous Pricing.

We have the revenue AP(p,F) = p - E[Y], and constraint (C2) is identical to E[Y] < . For the
equation given in Lemma 2, the LHS = } ;c[,) Pr[X; = 1] = X ;¢[,) E[X;] = E[X].

On the opposite of Lemma 2, suppose that E[X] > %. We have E[X] > 8, given that the price
p < l . Since X is the sum of independent Bernoulli random variables, due to Chernoff bound,

Pr[X < (1-9)-E[X]] < (15;3% for any § € (0, 1). In particular,

“ﬁ |

1 2\ 3 EIX] 214 1
Pr [X< —-E[X]] < (-) < (-) ~ 02931 < -, (1)
2 e e 2

where the first step follows by setting 6 = 3; and the second step follows since E[X] > 8.
And because Y = min{k, X}, we further deduce that

Pr [Y > min {k, % -E[X]H 1-Pr [Y < min {k,

| = DN =
g2
=
)
N——
—

- 1—Pr[x<min{k,

v

—_— N

1
1—Pr[X<E~E[X]

> (2)

where the second step follows since Y < min{k, % -E[X]} holds only if Y < k, and thus only if
Y = X; and the last step follows from Equation (1).

Based on the above arguments, we conclude a contradiction E[Y] > 117 as follows:

E[Y] > Pr [YZmin {k, ;E[X]H . min {k, %~E[X]}

> ;min{k, %-E[X]}
> %-min{k, %}
> L

p

where the second step applies Equation (2); the third step applies our assumption E[X] > %; and
the last step follows as 1% < 2m < k, given that p € [%, %] and m = L%J.

By refuting the assumption, we get E[X] < % for any price p € [%, %] This completes the proof
of Lemma 2. O

Given a triangle instance {TR1(v}, g;)}je[n], by plugging the CDF formulas {F;} jc[,], We can
reformulate Lemma 2 as follows:

Z 0;4; <

4 11
o’ Vpe|— S| (C2")
jelnlo; >p( = qj) P +0jq; p [m 2]
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Grouping the buyers. To upper bound the objective function EAR(F) = 3 jc[,] 0;9;. let us parti-
tion all the buyers into three groups [n] = ALl B LI C, where

ef 1 0iq; 1
AE {je[n]:vjz—andj—qu—},
m 1-q; m
def |, 1 0iq; 1
B = {]E[n]:ojz—and—<—},
m 1-q; m
j
5 1
c¥ {je[n]:z)j<—}.
m

Regarding the groups A, B and C given above, their individual contributions to the benchmark
EAR(F) actually admit the following bounds:

Zvjqj = O(logk), Zvjqj <8 Zvjqj < 3.

JEA Jj€B jec
Suppose these bounds to be true, then combining them together immediately gives Theorem 3.
Below we explain the intuitions of our grouping criteria (Remark 3), give an interesting observation
for the instances that are constituted by “small” distributions (Remark 4), and then verify the above
three bounds in the reverse order.

Remark 3 (Grouping Criteria). Recall the objective function of Program (P3), i.e., EAR(F) =
2je[n] 0jqj> and constraint (C3), i.e, Xjern) q; < k. Here the monopoly revenues {v;q;};e[n]
are the individual contributions by the triangle distributions {TR1(v}, ;) } je[n], and (in the sense
of the Knapsack Problem) the monopoly quantiles {g;}e[»] can be regarded as the individual
capacities. Thereby, the monopoly prices {v;} jc[»] somehow are the bang-per-buck ratios (i.e., the
contribution to the EAR benchmark per unit of the capacity).

Of course we prefer those distributions with higher bang-per-buck ratios {v;} jen], but also need
to take the capacities {g;} je[] into account. In particular:

e The group-C distributions have lower bang-per-buck ratios v; < 1/m. So conceivably, the
total contribution )’ ;cc v;q; by this group to the EAR benchmark shall be small, and we will
prove an upper bound of 3.

e The group-B distributions have high enough bang-per-buck ratios v; > 1/m but small
capacities, namely v;q;/(1 — q;) < 1/m. 1t turns out that the total contribution ;. v;q; by
this group is also small, and we will prove an upper bound of 8.

e The group-A distributions have high enough bang-per-buck ratios as well as big enough
capacities. Thus, this group should contribute the most to the EAR benchmark, for which we
will show ;.4 0;q; = O(logk).

Indeed, our grouping criteria borrow ideas from the “budget-feasible mechanism design” literature
[12, 24, 40], where the primary goal is to design approximately optimal mechanisms for the Knapsack
Problem under the incentive concerns.

Remark 4 (“Small” Distributions). As argued in Section 1.2, regarding a continuum of “small” buyers
(i.e., any single buyer has an infinitesimal contribution to the EAR benchmark, but there are infinitely
many buyers n — o0), the EAR vs. AP revenue gap would be (at most) a universal constant for
whatever k > 1. This is because every “small” buyer belongs to either group B or group C, and thus
the EAR benchmark is at most ; ;cpucv;q; < 8+3 = 11.

Revenue from group C. Since such a buyer j € C has a monopoly price v; < %, we have

Dlog < %-Z% < i-ij < %'k <3
]

jeC jeC jeln
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where the second step follows since C C [n]; the third step follows from constraint (C3); and the

last step holds for m = L%J and k > 4. (We will deal with the cases k € {1, 2,3} separately, at the
end of this section.)

Revenue from group B. Setting p = - for constraint (C2’), we deduce that

Z qu{

jetnmyes (1= @) 5 40,95

> Z qui‘

5 (1=q)) - 5 +09;

v;qj
= Z(l—qj‘)'iﬂl—q]‘)-

jEB

m

P Z 0i9)>
jEB

where the second line follows since {j € [n] :v; > L -} 2 B (see the definition of B); the third line

follows since 1’ ‘Z]’ < = for any j € B; and the last llne drops the (1 —g;) terms and then rearranges

= RHS of (C2’) > LHS of (C2')

3=

\%

the formula.
Rearranging the above equation immediately gives }’;c50;q; < 8, as desired.

Revenue from group A. To verify the upper bound about this group, we shall generalize the
definition of A, and get a chain of subgroups A=A,, 2 A,-1 2 -+ 2 Ay
e 1 0;q; 1
Al {je[ ]:0;> = and 24 z—},
t 1-gq; t

Given an index t € [2 : m], by setting p = % € [%, %] for constraint (C2’), we deduce that

Vt € [2:m].

= RHS of (C2’) > LHS of (C2) = Z (1—q.z))j.qi+v-q~
o1 Jj t J1J

j€lnlvj=3
09
>
J;t (1-qj) - +9;q;
vjq;

fea, Uit 04

v

LAl
2 th

where the second step follows because {j € [n] : v; > %} 2 A, (see the definition of A;); and the
third step follows because (1 - g;) - % < vjq; for each j € A;.

Based on the above equation, we easily bound the cardinality |A;| < 8t for each t € [2 : m].
Combining the above arguments together gives

Zvjq_j = Z 0jqj = ZUJCIﬁ Z Z 0jq;

jeA jEAm jeA, te[3:m] jeA\Air
1
< Your XY o
JEA, te[3:m] jeA\Ar B
_ |Ae| = [Asa|
- Yo Y,
j€EA, te[3:m]

670



Technical Program Presentation - EC '21, July 18-23, 2021, Budapest, Hungary

|Az| |Am| 1 1
= (Zojq’_7)+min1+ pI|ZY (t 1_?)
j€EA, te[3:m]
|A2|) 8m ( 1 1)
< g — — | + + 8- (— — -
. (ZU’% 2 m—1 Z t—1 t
jeEA, te[3:m]
|Az| 1 1
< (Lwa-5) vt 3 st (=)
JEA; te[3:m]
|Az| 8
= (Dow-) s 3G ©)

where the second line follows because the monopoly price v; € (ﬁ %] for each j € A; \ A;—1 (see
the definitions of A; and A,_;), and the monopoly quantiles g; € [0, 1] are bounded; the fifth line
applies the bounds |A;| < 8t for each t € [2 : m]; the sixth line holds for m = L%J and k > 4; and
the last line is by elementary calculation.

Because vjq; < 1 for all j € A; (see constraint (C4)) and |Az| < 16, we can bound the first term

in Equation (3): X jc4, v;9; — % < |Ag] - % < 8. Plug this into Equation (3):

8

Z 0jq; < 16+ Y + = O(logh),
jeA te[m-1]

where the last step holds for m = L%J.

Upper bound when k € {1, 2, 3}. Clearly, the optimal value Rgar/ap(k) of Program (P2), which

involves k € N, items in both mechanisms, is at most the revenue gap between the k-item Ex-

Ante Relaxation and the 1-item Anonymous Pricing. The later revenue gap is given by the next
mathematical program.

sup > F-q)-q (P4)
Jj€ln]
s.t. p-(1-Di(p)) <1, Vp € Ry,
D 4 <k
jeln]
q/ = {q;'}je[n] € [0, l]n, F= {Fj}je[n] C REg, Vn € Nyj.

The only difference between Program (P4) and the one in [3, Section 4] is the constraint
Djeln] q; < k (rather than < 1). We can resolve Program (P4) by following the exactly same
steps as in [3, Section 4]. By doing so, we will get

Rear/ap(k) < optimal value of (P4) = 1+V(Q ' (k)),

where the functions V(p) < p - ln(pfil) and Q(p) £ ln(pfil) -3 - 22, 7% p7# Then we can

derive Theorem 3 in the case k € {1, 2,3} via numeric calculation, as the next table shows.

k 1 2 3
1+V(@Q (k) | ~2.7184 | ~3.7897 | ~ 4.8111

ACKNOWLEDGMENTS

We would like to thank Xi Chen, Eric Neyman, Tim Roughgarden, and Rocco Servedio for helpful
comments on an earlier version of this work.

671



Technical Program Presentation - EC '21, July 18-23, 2021, Budapest, Hungary

REFERENCES

[1] Marek Adamczyk and Michal Wlodarczyk. 2018. Random Order Contention Resolution Schemes. In 59th IEEE Annual
Symposium on Foundations of Computer Science, FOCS 2018, Paris, France, October 7-9, 2018, Mikkel Thorup (Ed.). IEEE
Computer Society, 790-801. https://doi.org/10.1109/FOCS.2018.00080

[2] Saeed Alaei. 2014. Bayesian Combinatorial Auctions: Expanding Single Buyer Mechanisms to Many Buyers. SIAM .
Comput. 43, 2 (2014), 930-972. https://doi.org/10.1137/120878422

[3] Saeed Alaei, Jason D. Hartline, Rad Niazadeh, Emmanouil Pountourakis, and Yang Yuan. 2019. Optimal auctions vs.
anonymous pricing. Games and Economic Behavior 118 (2019), 494-510. https://doi.org/10.1016/j.geb.2018.08.003

[4] Nima Anari, Gagan Goel, and Afshin Nikzad. 2014. Mechanism Design for Crowdsourcing: An Optimal 1-1/e
Competitive Budget-Feasible Mechanism for Large Markets. In 55th IEEE Annual Symposium on Foundations of
Computer Science, FOCS 2014, Philadelphia, PA, USA, October 18-21, 2014. IEEE Computer Society, 266-275. https:
//doi.org/10.1109/FOCS.2014.36

[5] Yossi Azar, Ashish Chiplunkar, and Haim Kaplan. 2018. Prophet Secretary: Surpassing the 1-1/e Barrier. In Proceedings
of the 2018 ACM Conference on Economics and Computation, Ithaca, NY, USA, June 18-22, 2018, Eva Tardos, Edith Elkind,
and Rakesh Vohra (Eds.). ACM, 303-318. https://doi.org/10.1145/3219166.3219182

[6] Ziv Bar-Yossef, Kirsten Hildrum, and Felix Wu. 2002. Incentive-compatible online auctions for digital goods. In
Proceedings of the Thirteenth Annual ACM-SIAM Symposium on Discrete Algorithms, January 6-8, 2002, San Francisco,
CA, USA. 964-970. http://dl.acm.org/citation.cfm?id=545381.545506

[7] Hedyeh Beyhaghi, Negin Golrezaei, Renato Paes Leme, Martin Pal, and Balasubramanian Sivan. 2018. Improved
Approximations for Free-Order Prophets and Second-Price Auctions. CoRR abs/1807.03435 (2018). arXiv:1807.03435
http://arxiv.org/abs/1807.03435

[8] Jeremy Bulow, Paul Klemperer, et al. 1996. Auctions versus Negotiations. American Economic Review 86, 1 (1996),

180-194.

Yang Cai and Constantinos Daskalakis. 2017. Learning Multi-Item Auctions with (or without) Samples. In 58th IEEE

Annual Symposium on Foundations of Computer Science, FOCS 2017, Berkeley, CA, USA, October 15-17, 2017. 516-527.

https://doi.org/10.1109/FOCS.2017.54
[10] Nicolo Cesa-Bianchi, Claudio Gentile, and Yishay Mansour. 2015. Regret Minimization for Reserve Prices in Second-
Price Auctions. IEEE Trans. Information Theory 61, 1 (2015), 549-564. https://doi.org/10.1109/TIT.2014.2365772

[11] Shuchi Chawla, Jason D. Hartline, David L. Malec, and Balasubramanian Sivan. 2010. Multi-parameter mechanism
design and sequential posted pricing. In Proceedings of the 42nd ACM Symposium on Theory of Computing, STOC 2010,
Cambridge, Massachusetts, USA, 5-8 June 2010. 311-320. https://doi.org/10.1145/1806689.1806733

[12] Ning Chen, Nick Gravin, and Pinyan Lu. 2011. On the Approximability of Budget Feasible Mechanisms. In Proceedings
of the Twenty-Second Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2011, San Francisco, California, USA,
January 23-25, 2011, Dana Randall (Ed.). SIAM, 685-699. https://doi.org/10.1137/1.9781611973082.54

[13] Ning Chen, Nick Gravin, and Pinyan Lu. 2014. Optimal competitive auctions. In Symposium on Theory of Computing,
STOC 2014, New York, NY, USA, May 31 - June 03, 2014, David B. Shmoys (Ed.). ACM, 253-262. https://doi.org/10.1145/
2591796.2591855

[14] Ning Chen, Nikolai Gravin, and Pinyan Lu. 2015. Competitive Analysis via Benchmark Decomposition. In Proceedings
of the Sixteenth ACM Conference on Economics and Computation, EC ’15, Portland, OR, USA, June 15-19, 2015, Tim
Roughgarden, Michal Feldman, and Michael Schwarz (Eds.). ACM, 363-376. https://doi.org/10.1145/2764468.2764491

[15] José R. Correa, Patricio Foncea, Ruben Hoeksma, Tim Oosterwijk, and Tjark Vredeveld. 2017. Posted Price Mechanisms
for a Random Stream of Customers. In Proceedings of the 2017 ACM Conference on Economics and Computation, EC ’17,
Cambridge, MA, USA, June 26-30, 2017. 169-186. https://doi.org/10.1145/3033274.3085137

[16] José R. Correa, Patricio Foncea, Ruben Hoeksma, Tim Oosterwijk, and Tjark Vredeveld. 2018. Recent developments in

prophet inequalities. SIGecom Exch. 17,1 (2018), 61-70. https://doi.org/10.1145/3331033.3331039

[17] José R. Correa, Patricio Foncea, Dana Pizarro, and Victor Verdugo. 2019. From pricing to prophets, and back! Oper. Res.

Lett. 47,1 (2019), 25-29. https://doi.org/10.1016/j.0r1.2018.11.010

[18] José R. Correa, Raimundo Saona, and Bruno Ziliotto. 2019. Prophet Secretary Through Blind Strategies. In Proceedings

of the Thirtieth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2019, San Diego, California, USA, January

6-9, 2019. 1946-1961. https://doi.org/10.1137/1.9781611975482.118

Paul Diitting, Felix A. Fischer, and Max Klimm. 2016. Revenue Gaps for Static and Dynamic Posted Pricing of

Homogeneous Goods. CoRR abs/1607.07105 (2016). arXiv:1607.07105 http://arxiv.org/abs/1607.07105

[20] Soheil Ehsani, MohammadTaghi Hajiaghayi, Thomas Kesselheim, and Sahil Singla. 2018. Prophet Secretary for

Combinatorial Auctions and Matroids. In Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA 2018, New Orleans, LA, USA, January 7-10, 2018, Artur Czumaj (Ed.). SIAM, 700-714. https:
//doi.org/10.1137/1.9781611975031.46

—
N=)
—

[19

—

672


https://doi.org/10.1109/FOCS.2018.00080
https://doi.org/10.1137/120878422
https://doi.org/10.1016/j.geb.2018.08.003
https://doi.org/10.1109/FOCS.2014.36
https://doi.org/10.1109/FOCS.2014.36
https://doi.org/10.1145/3219166.3219182
http://dl.acm.org/citation.cfm?id=545381.545506
http://arxiv.org/abs/1807.03435
http://arxiv.org/abs/1807.03435
https://doi.org/10.1109/FOCS.2017.54
https://doi.org/10.1109/TIT.2014.2365772
https://doi.org/10.1145/1806689.1806733
https://doi.org/10.1137/1.9781611973082.54
https://doi.org/10.1145/2591796.2591855
https://doi.org/10.1145/2591796.2591855
https://doi.org/10.1145/2764468.2764491
https://doi.org/10.1145/3033274.3085137
https://doi.org/10.1145/3331033.3331039
https://doi.org/10.1016/j.orl.2018.11.010
https://doi.org/10.1137/1.9781611975482.118
http://arxiv.org/abs/1607.07105
http://arxiv.org/abs/1607.07105
https://doi.org/10.1137/1.9781611975031.46
https://doi.org/10.1137/1.9781611975031.46

Technical Program Presentation - EC '21, July 18-23, 2021, Budapest, Hungary

[21] Hu Fu, Nicole Immorlica, Brendan Lucier, and Philipp Strack. 2015. Randomization Beats Second Price as a Prior-
Independent Auction. In Proceedings of the Sixteenth ACM Conference on Economics and Computation, EC °15, Portland,
OR, USA, June 15-19, 2015. 323. https://doi.org/10.1145/2764468.2764489

[22] Yiannis Giannakopoulos and Keyu Zhu. 2018. Optimal Pricing for MHR Distributions. In Web and Internet Economics -
14th International Conference, WINE 2018, Oxford, UK, December 15-17, 2018, Proceedings. 154-167. https://doi.org/10.
1007/978-3-030-04612-5_11

[23] Andrew V. Goldberg, Jason D. Hartline, and Andrew Wright. 2001. Competitive auctions and digital goods. In
Proceedings of the Twelfth Annual Symposium on Discrete Algorithms, January 7-9, 2001, Washington, DC, USA, S. Rao
Kosaraju (Ed.). ACM/SIAM, 735-744. http://dl.acm.org/citation.cfm?id=365411.365768

[24] Nick Gravin, Yaonan Jin, Pinyan Lu, and Chenhao Zhang. 2020. Optimal Budget-Feasible Mechanisms for Additive
Valuations. ACM Transactions on Economics and Computation (TEAC) 8, 4 (2020), 1-15.

[25] Venkatesan Guruswami, Jason D. Hartline, Anna R. Karlin, David Kempe, Claire Kenyon, and Frank McSherry.
2005. On profit-maximizing envy-free pricing. In Proceedings of the Sixteenth Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA 2005, Vancouver, British Columbia, Canada, January 23-25, 2005. SIAM, 1164-1173. http:
//dl.acm.org/citation.cfm?id=1070432.1070598

[26] Mohammad Taghi Hajiaghayi, Robert D. Kleinberg, and Tuomas Sandholm. 2007. Automated Online Mechanism
Design and Prophet Inequalities. In Proceedings of the Twenty-Second AAAI Conference on Artificial Intelligence, July
22-26, 2007, Vancouver, British Columbia, Canada. 58—65. http://www.aaai.org/Library/AAAI/2007/aaai07-009.php

[27] Jason D Hartline. 2013. Mechanism design and approximation. Book draft. October 122 (2013).

[28] Jason D. Hartline and Tim Roughgarden. 2009. Simple versus optimal mechanisms. In Proceedings 10th ACM Conference
on Electronic Commerce (EC-2009), Stanford, California, USA, July 6-10, 2009. 225-234. https://doi.org/10.1145/1566374.
1566407

[29] Yaonan Jin, Weian Li, and Qi Qi. 2019. On the Approximability of Simple Mechanisms for MHR Distributions. In

Web and Internet Economics - 15th International Conference, WINE 2019, New York, NY, USA, December 10-12, 2019,

Proceedings. 228-240. https://doi.org/10.1007/978-3-030-35389-6_17

Yaonan Jin, Pinyan Lu, Qi Qi, Zhihao Gavin Tang, and Tao Xiao. 2019. Tight approximation ratio of anonymous pricing.

In Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing, STOC 2019, Phoenix, AZ, USA, June

23-26, 2019. 674-685. https://doi.org/10.1145/3313276.3316331

Yaonan Jin, Pinyan Lu, Qi Qi, Zhihao Gavin Tang, and Tao Xiao. 2019. Tight revenue gaps among simple and optimal

mechanisms. SIGecom Exch. 17, 2 (2019), 54-61. https://doi.org/10.1145/3381329.3381335

Yaonan Jin, Pinyan Lu, Zhihao Gavin Tang, and Tao Xiao. 2020. Tight revenue gaps among simple mechanisms. SIAM

3. Comput. 49, 5 (2020), 927-958.

[33] Yaonan Jin, Pinyan Lu, and Tao Xiao. 2019. Learning Reserve Prices in Second-Price Auctions. CoRR abs/1912.10069
(2019). arXiv:1912.10069 http://arxiv.org/abs/1912.10069

[34] Brendan Lucier. 2017. An economic view of prophet inequalities. SIGecom Exchanges 16, 1 (2017), 24-47. https:
//doi.org/10.1145/3144722.3144725

[35] Will Ma and Balasubramanian Sivan. 2020. Separation between second price auctions with personalized reserves and
the revenue optimal auction. Oper. Res. Lett. 48, 2 (2020), 176-179. https://doi.org/10.1016/j.0rl.2020.02.002

[36] Aranyak Mehta, Amin Saberi, Umesh V. Vazirani, and Vijay V. Vazirani. 2007. AdWords and generalized online
matching. §. ACM 54, 5 (2007), 22. https://doi.org/10.1145/1284320.1284321

[37] Mehryar Mohri and Andres Mufioz Medina. 2016. Learning Algorithms for Second-Price Auctions with Reserve.
Journal of Machine Learning Research 17 (2016), 74:1-74:25. http://jmlr.org/papers/v17/14-499.html

[38] Jamie Morgenstern and Tim Roughgarden. 2016. Learning Simple Auctions. In Proceedings of the 29th Conference on

Learning Theory, COLT 2016, New York, USA, June 23-26, 2016 (JMLR Workshop and Conference Proceedings), Vitaly

Feldman, Alexander Rakhlin, and Ohad Shamir (Eds.), Vol. 49. JMLR.org, 1298-1318. http://proceedings.mlr.press/v49/

morgenstern16.html

Roger B. Myerson. 1981. Optimal Auction Design. Math. Oper. Res. 6, 1 (1981), 58—73. https://doi.org/10.1287/moor.6.1.58

Yaron Singer. 2010. Budget Feasible Mechanisms. In 51th Annual IEEE Symposium on Foundations of Computer Science,

FOCS 2010, October 23-26, 2010, Las Vegas, Nevada, USA. IEEE Computer Society, 765-774. https://doi.org/10.1109/

FOCS.2010.78

Qiqi Yan. 2011. Mechanism Design via Correlation Gap. In Proceedings of the Twenty-Second Annual ACM-SIAM

Symposium on Discrete Algorithms, SODA 2011, San Francisco, California, USA, January 23-25, 2011. 710-719. https:

//doi.org/10.1137/1.9781611973082.56

[30

—

(31

—

[32

—

[39
[40

[t

[41

—

673


https://doi.org/10.1145/2764468.2764489
https://doi.org/10.1007/978-3-030-04612-5_11
https://doi.org/10.1007/978-3-030-04612-5_11
http://dl.acm.org/citation.cfm?id=365411.365768
http://dl.acm.org/citation.cfm?id=1070432.1070598
http://dl.acm.org/citation.cfm?id=1070432.1070598
http://www.aaai.org/Library/AAAI/2007/aaai07-009.php
https://doi.org/10.1145/1566374.1566407
https://doi.org/10.1145/1566374.1566407
https://doi.org/10.1007/978-3-030-35389-6_17
https://doi.org/10.1145/3313276.3316331
https://doi.org/10.1145/3381329.3381335
http://arxiv.org/abs/1912.10069
http://arxiv.org/abs/1912.10069
https://doi.org/10.1145/3144722.3144725
https://doi.org/10.1145/3144722.3144725
https://doi.org/10.1016/j.orl.2020.02.002
https://doi.org/10.1145/1284320.1284321
http://jmlr.org/papers/v17/14-499.html
http://proceedings.mlr.press/v49/morgenstern16.html
http://proceedings.mlr.press/v49/morgenstern16.html
https://doi.org/10.1287/moor.6.1.58
https://doi.org/10.1109/FOCS.2010.78
https://doi.org/10.1109/FOCS.2010.78
https://doi.org/10.1137/1.9781611973082.56
https://doi.org/10.1137/1.9781611973082.56

	Abstract
	1 Introduction
	1.1 Background
	1.2 An overview of our results
	1.3 Further Related Works

	2 Notation and Preliminaries
	2.1 Probability
	2.2 Mechanisms

	3 Ex-Ante Relaxation vs. Anonymous Pricing
	Acknowledgments
	References



